GROUP SCHEMES OF PERIOD p > 2 



Victor Abrashkin 1 

Abstract. For a prime number p > 2, we give a direct proof of Breuil's classification 
of finite fiat group schemes killed by p over the valuation ring of a p-adic field with 
perfect residue field. As application we establish a correspondence between finite 
flat group schemes and Faltings's strict modules which respects associated Galois 
modules via the Fontaine- Wintenberger field-of-norms functor 



0. Introduction. 

Let p be a prime number and let k be a perfect field of characteristic p. Denote 
by Kqq the fraction field of the ring of Witt vectors with coefficients in k. Let Kq 
be a totally ramified field extension of K 0Q of degree e and let Oo be the valuation 
ring of Kq. Let Gr^ be the category of finite flat commutative p-group schemes G 
(i.e. the order \G\ of G is an integral power of p) over Oq. We shall use the notation 
Gro for the full subcategory in Gr' 0o consisting of group schemes killed by p (i.e. 
such that pidc = 0). All further notation from this introduction will be carefully 
reminded in due course in the main body of the paper. 

0.1 Motivation. 

There were various approaches to the problem of description of the category 
Gr' 0o ; especially should be mentioned [Fo2] in the case e = 1, [Co] in the case 
e < p — 1, [Brl] and [Kil-3] in the case of arbitrary e (everywhere results are not 
complete if p = 2). In all these cases the classification of group schemes appears 
in terms of categories of filtered modules and was deduced from the corresponding 
classification of p-divisible groups. More precisely, the case e < p — 1 was treated in 
[Co] via Fontaine's results about p-divisible groups [Fol] and the case of arbitrary 
e uses essentially either in [Brl] and [Kil] the crystalline Dieudonne theory from 
[BBM], or in [Ki3] the Fontaine-Messing theory, or in [Ki2] the Zink theory of 
"displays and windows" [Zi]. 

On the other hand, there is an alternative approach resulted in an explicit de- 
scription of algebras of group schemes together with the corresponding coalgebra 
structures. On the first place one should mention two classical papers [TO] and 
[Ra]. They give (in the case of the basic ring Oq) an explicit description of all 
simple objects of the category Gt' 0o (= simple objects of Gro ). For small e, the 
author disseminated these results to the whole category Gro , cf. [Ab2] for the 
case e = 1 and [Ab3] for the case e ^ p — 1. It is worth mentioning that: a) the 
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case p = 2 is studied completely in [Ab2] ; b) under the assumption e < p — 1 all 
constructions in [Ab3] become extremely simple and require, as a matter of fact, 
only the knowledge of the classical Dieudonne theory of group schemes over perfect 
field of characteristic p. 

Notice that the problem of alternative and direct description of objects of Gr' 0o 
(and especialy of Gro ) in the case of arbitrary e was considered in [Br 2]. The reason 
is that Breuil's description of Gr' 0o in [Brl] appears in a very elegant and natural 
way in terms of crystalline sheaves but in the very end all crystalline concepts can 
be successfully eliminated. Such simplified interpretation of the classification of in- 
divisible groups and finite flat group schemes was suggested in [Br2] and achieved in 
different ways in [Kil-3]. Notice also that it is rather easy to construct and to prove 
the full faithfulness of the functor from an appropriate category of filtered modules 
to the category of finite flat group schemes. The main problem appears when 
proving that this functor is essentially surjective. This is where the crystalline (resp. 
the usual) Dieudonne theory plays a crucial role in [Brl] (resp. [Ab2,3]). Despite 
of the beauty and conceptuality of the crystalline Dieudonne theory this looks like 
a very long way around and it would be very interesting to understand what are 
the properties of finite flat group schemes we do need to establish this surjectivity. 
(These properties should be implicitly hidden in the crystalline Dieudonne theory.) 
Mention also that the surjectivity on the level of group schemes killed by p implies 
immediately the surjectivity for the whole category of p-group schemes and for many 
applications, e.g. [BCDT], we do need the knowledge of a complete classification 
of group schemes only on the level of objects killed by p. 

In this paper we extend the approach from [Ab2,3] to the whole category Gro 
with no restrictions on e. The basic idea can be explained as follows. Suppose 
Go = SpecAo € Gro - Then one can use the methods from [Ab2,3] (and to some 
extent from [Abl]) if there are sufficiently many functions a E A such that for any 
9i,92 e G (K), 

(0.1.1) a(g 1 + g 2 ) = a(gi) + a(g 2 ) modpO. 

(Here K is an algebraic closure of Kq and O is the valuation ring of K.) Notice 
that if e ^ p — 1 then these functions appear just from the classical Dieudonne 
module M(Gq) of Go = Go <E> k = SpecA . (In this case the elements of M{Gq) 
appear as covectors (a_ n ) n ^o £ CW(A ) and their zero components ao € A Q give 
rise to such functions.) In the case of arbitrary e such functions generally do not 
exist (the example comes easily from extensions of the etale constant group scheme 
of order p via the multiplicative constant group scheme of order p) but they do 
appear if we pass to the extension of scalars Go ®o O, where O is the valuation 
ring of K = K (tt) and n p = n is a uniformising element of K . This explains why 
our approach depends on a choice of uniformising element 7Tq of Oq. This situation 
corresponds to the fact that the crystalline Dieudonne theory for Go <8> (Oo/p) 
provides not just a Dieudonne module but a sheaf of Dieudonne modules in the 
fppf (or rather syntomic) topology and this sheaf is not generated by its global 
sections. In particular, Breuil's classification of group schemes over O requires 

— n 

the sections over Oo[{7Tq | n ^ 0}] and also depends on a choice of 7r . Vice 
versa, we start with a suitable Breuil's category of filtered modules MF|, cf. the 
definition below, and apply the methods from [Ab2,3] to construct the functor 
Qo : MFg — > Gro- If G = Spec A e Im£o then the O-algebra A contains 
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sufficiently many functions satisfying above condition (0.1.1). This part works 
perfectly well for any valuation ring O but the problem is that the image of Qo is 
considerably less than Gro Fortunately, if O appears in the form Oo[^/7ro] then (the 
author studied this from [Brl]) such group scheme G appears as the extension of 
scalars of a unique Go € Gro • Finally, it remains to prove that for any Go € Gro , 
the corresponding G = Go <E>o O belongs to the image of the functor Qo- This 
is the most difficult part of the paper, where the methods from [Abl] were very 
helpful. This part can be considered as a replacement of the crystalline Dieudonne 
theory in the context of group schemes over Oq which are killed by p. 

The interrelation between Gro and the image Im Qo C Gro can be illustrated by 
the following example. Consider the group ExtQr ((^/p)oo» A*p,o ) °f extensions 
of the constant etale group scheme (Z/p)o via the constant multiplicative group 
scheme n P ,o m Gro . This group of extensions is naturally isomorphic to Oq/Oq P . 
The image of Qo gives only the subgroup 

(i + P or/(o*p n (i + P or) c 070** ~ Ext Gro ((z/ P ) ,/^ ). 

But the embedding Oq d O induces the group isomorphism 

o* /o* p ~ (1 + P o) x /(o* p n (1 + P o) x ). 

In addition, the fact that the multiplicative structure on (1 + pO) x can be trans- 
formed into the additive structure on pO via the p-adic logarithm explains why the 
additive filtered modules are very helpful to describe the structure of G <8>o O but 
can't be used directly for Go € Gro . 

We must notice that our strategy should work for all prime numbers p, but in this 
paper we consider only the case p > 2. The case p = 2 requires much more careful 
calculations and the author has not yet checked all details. But having in mind the 
results from [Ab2] one can expect in the case p = 2 the classification will be obtained 
for a slightly different category Gr 0o under the additional assumption that k is 
algebraicly closed. The category Gr Qo contains the same objects as Gro but the 
morphisms of this category come from the morphisms Gi — > G2 in Gro modulo 
those which factor through the canonical projection to the maximal etale quotient 
Gi — ► Gf f and the embedding of the maximal multiplicative subobject G™ — ► 
G2. As a matter of fact, the idea to use the category Gr allows one to modify the 
constructions from Sections 2 and 3 for p = 2. Then one can adjust the content 
of Sections 1,4 and 5 for arbitrary p. The main problem appears with calculations 
in Sections 6 and their interpretations in Section 7. There are some technical 
complications, e.g. one has more complicated formula for opposite elements in 
the corresponding Lubin-Tate groups. Much more serious problems arise because 
we use systematically Lubin-Tate logarithms and modulo p calculations should be 
replaced by calculations modulo 4 if p = 2. Anyway, our approach requires an 
essential restructuring and the case p = 2 deserves a separate study. 

0.2 The main statement. 

As earlier, O = Ok, where K = Kq(tt), tv p = 7r is a uniformising element in 
Kq. Suppose S = k[[t]] and a : S — > S is such that a(s) = s p for any s e S. Fix a 
ring identification kso '■ S/t ep S — >■ O/pO such that nso\k = id. 

Let M.T s be the category of triples (M°, M 1 , </?i), where M° is an S'-module, 
M 1 is its submodule and ip\ : M 1 — >■ M° is a cr-linear morphism. The morphisms 
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in this category are morphisms of filtered S'-modules which commute with the 
corresponding <£>i's. By MF e s we denote the full subcategory in M.T s consisting 
of (M°, M 1 , (pi) such that M° is a free S-module of finite rank, M 1 D t e M° and 
y?i(M 1 )5 = M°. 

Our main result is the following 

Theorem. There is an antiequivalence of categories Qq : MF e s — ► Gro • 

Notice that this antiequivalence essentially depends on the choice of the field 
extension K of K (the ring identification kso is introduced just for technical 
reasons). It would be very interesting to understand how Qq depends on the 
choice of K. It is worth mentioning that Qq coincides with the restriction of 
Breuil's antiequivalence to the category Gro , cf. Section 8, but in our approach 
the construction of this antiequivalence is quite direct and explicit and all proofs 
are given entirely in the limits of the theory of finite flat group schemes. 

The above Theorem is proved in first 7 sections. 

In Section 1 we introduce the category MF e s and explain that it is equivalent to 
the category of filtered 5o-modules with slope ^ e, where Sq = k[[t p ]] C S. Then 
we introduce the concept of a </?i-nilpotent lift of objects of M.T s to MFg. It is 
related to the situation, where the knowledge of a quotient M G M.T s of M. G MF e s 
is sufficient for a unique recovering of M. from J\f. As a matter of fact, this is the 
only idea from crystalline cohomology which survives in our setting. 

In Section 2 we construct the functor Qo '■ MFg — > Gro by applying directly 
the ideas from [Ab2,3]. For each M. G MFg we construct a family of explicitly given 
O-algebras A(JA), for any A G A(M) provide G = Spec A with a structure of an 
object of the category Gro and prove that all these G's are naturally isomorphic. 
A special case of algebras from A(M) plays a very important role in Sections 3 and 
6 (it appears also in Breuil's paper [Brl, Section 3.1]), but in Sections 4 and 7 we 
do need more general algebras from A(M). 

In Section 3 we prove that Qo is fully faithful. Namely, suppose M. G MF e s 
and G = Qo{M) = Spec A. Then M. can be recovered uniquely as a </?i-nilpotent 
lift of the following object Af of the category M.T s- Suppose ea '■ A — ► O and 
Aq '■ A — > A ® A are the counit and the comultiplication of G. Set I a = Kerec, 
I A® A = KerecxG and Ia®a{p) = {a G I a® a \ a p G pA £g> A}. Introduce the ideal 
I® p as the maximal ideal in I a with the structure of nilpotent divided powers. 
(This means ao G I® P O if for all i ^ 0, ai + \ = —a^/p then ai — > as i — > oo.) 
Then M = (N°, N 1 , cp^, where (compare with (0.1.1)) 

(0.2.1) N° = {aeI A \ A G (a) = a® 1 + 1 <g> amod/^(p) p } mod/^ p , 

A^ 1 = (Ia(p)/Ia P ) f)N° and ip\ is induced by the correspondence a i— > —a p /p with 
a G Ia(p)- As we have noticed earlier, we introduce here a special way to construct 
the O-algebras of group schemes Qoi-M), M. G MF^, and define for all a G O, the 
special ideals /4(a) in A and I a® a (a) in A <8> A. These technical notions will play 
an important role in Section 6. 

In Section 4 we prove that one can study the image of Qo by replacing if necessary 
the ring O by the valuation ring of any tamely ramified extension of its fraction 
field K. In particular, this will allow us later to treat any G G Gro as a result of 
successive extensions via group schemes of order p. We also prove in this section 
that any G G Qo(M) comes via extension of scalars from a unique Go G Gro - 
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In section 5 we describe torsors of group schemes of order p over flat O-algebras. 
As a matter of fact, this is a detailed revision of the corresponding result from 
[Abl]. Then we use this description (again following the strategy from [Abl]) to 
describe the group of extensions of H G Gro via group schemes of order p in the 
category Gro- Notice that in this section we do not assume that O is obtained in 
the form Oo[7r], where tv p = tvq. 

Section 6 contains the proof of the Main Lemma. This lemma is quite technical, 
the calculations are done in the spirit of [Abl] but are based on a different back- 
ground. As we have noticed earlier, this technical lemma provides us with the fact 
that A(Gq)o ®G contains sufficiently many functions satisfying condition (0.1.1), 
or equivalently, that the crystalline Dieudonne sheaf associated with Go contains 
sufficiently many sections over O. 

Finally, in Section 7 we apply the results of previous Sections 4-6 to deduce that 
for any Go G Gro , its extension of scalars G = Go <S>o O belongs to the image 
of the functor Go- This gives the existence of a functor Qq q : MF| — ► Gro such 
that for any M, Go {M) = G , and the full faithfulness of Go implies that Go 1S 
an antiequivalence of categories. 

In section 8 we give several applications of our methods. In particular, we prove 
that for the same choice of the uniformising element tv G Oo, our antiequivalence 
coincides with the Breuil antiequivalence restricted to the category Gro . Luckily, 
when proving this compatibility it was possible to use a technical result about 
sections of Dieudonne crystalline sheaves from [Brl] to avoid diving into crystalline 
aspects of Breuil's theory. We also establish a criterion for F p TV ]- m odules to 
appear in the form Gq(K), Gq G Gro , and apply it to relate these modules to 
Galois modules of kernels of isogenies of Drinfeld modules via the field-of-norms 
functor, cf. Subsection 0.3 below for more commentaries. Finally, we establish the 
interpretation of the Cartier duality in Gro in terms of filtered modules from MFg. 
The Cartier duality is described in terms of special algebras for H — Hq ®o O and 
H = H <S>o O, where H ,H G Gro and H is the Cartier dual to H , via an 
explicit construction of the corresponding non-degenerate bilinear pairing of group 
functors H x H — > p P: o- 

0.3 Relation to Faltings's strict modules. 

Let V be a finite FpTVj-module, where Tk = Gdl(K/K). Introduce the 
object T(V) = (T(F)°,T(y) 1 ,v'i) of the category MT s such that T(V)° = 
Hom rjf (V,Omodp), T(F) 1 = {a G T(V)° | a p = 0} and ^ : T(F) 1 — ► T(V)° is 
induced by the correspondences o h- > —o p /p where o G O. 

In Section 8.2 we prove the following criterion: 

(0.3.1). Suppose M G MF|, G = Go{M) and \G{K)\ = \V\. Then the ¥ p [Y K ]- 
modules V and G(K) are isomorphic if and only if in the category M.T s there is 
a (fi-nilpotent morphism M. — > T(V). 

This criterion makes precise the fundamental role of functions satisfying con- 
dition (0.1.1). It also allows us to study the following problem. Remind that by 
Raynaud's theorem any finite flat commutative group scheme over Oo arises as the 
kernel of an isogeny in the category Abo of abelian schemes over Oo- The charac- 
teristic p analogue of Abo is the category of Drinfeld modules Dr(5'oo)s, ) over So, 
where £00 = JF p [too] C So is such that /Coo = FracF p [[roo]] is a closed subfield in 
/C = Frac £0 and the ramification index of /C over /C o is e. The kernels of isoge- 
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nies in Dr(5 , o)s are analogs of classical group schemes. They can be introduced 
and studied directly as finite flat group schemes with strict action of Sqq, cf. [Fa], 
[Ab4]. In this setting the characteristic p analog of Gro is the category Gr(Soo)s 
of finite flat commutative group schemes over So with strict action of Soo which are 
killed by the action of Too- (In [Ab4] this category was denoted by DGr' 1 *(5 , oo)s )- 
As a special case of the classification of strict modules from [Ab4] we have the 
antiequivalence Q§ : MF| — > Gr(5 , o)s - (The category MF| was denoted in 

[Ab4] by BRi^ookr) 

Suppose M G MF^, H = GS (M) G Gr 0o and H = G§ (M) G Gv(S 00 ) So . 

Let /C be an algebraic closure of /Co and T/c = Autx: (/C). As earlier, K is an 

algebraic closure of K and Tk = Gal{K / Kq). Consider the T^-module Vq = 

Hq{K) and the r^ -module Vo = Ho(fc). (Notice that by [Ab4], Ho has an etale 

generic fibre.) 

As an application of the above criterion (0.3.1) we show that the Galois modules 
Vo and Vo can be identified via the Fontaine- Wintenberger functor field-of-norms. 
More precisely, consider the arithmetically profinite extension 

= K ({n n | 7Ti = 7T, Tl P n+l = Tl n }). 

Then the field-of-norms functor gives an identification of = Gal(K / 'K^) and 
Fjc and we have the following property: 

(0.3.2). With the above identification r^ = ^k^, it holds Vo — Vb|r Xoo • 

As a matter of fact, we can say more. Suppose r^ (V~ ) = {t G Yk \ t\v = id} 
and r/c (V ) = {r G T Kq | r| Vo = id}. Then the embedding = T Koo — ► T Ko 
induces a group isomorphism r^; /rx; (Vo) — r^ /rx (Vb). Therefore, the Galois 
modules Vo and Vq can be uniquely recovered one from another. There are another 
situations where there is definitely similar relation between the kernels of isogenies 
of Drinfeld modules and the kernels of isogenies of abelian schemes. The study of 
this problem should be useful when studying the image of the functor V i— > V|r Ko , 
where V is a "geometrically interesting" (e.g. crystalline, semistable) representation 

ofr Ko . 

The above approach can be applied to the study of the functor from the category 
of finite flat ZpT^o] -modules (i.e. the Galois modules of the form G(K), where 
G G Gr' 0o ) to the category of modules given by the restriction of Galois action 
to C Tk - Our method allows to obtain Breuil's result, [Br4, Theorem 3.4.3], 
about full faithfulness of this functor just from Fontaine's ramification estimate: 
for all v > ep/(p — 1) — 1, the ramification subgroups act trivially on Gq(K), 
where Go G Gro • This idea also works in the context of finite subquotients of crys- 
talline representations over unramified base with Hodge- Tate weights of length < p 
by using the ramification estimate from [Ab5]. (The case of Hodge- Tate weights 
^ p — 2 was considered in [Br3] and can be retrieved even with Fontaine's ram- 
ification estimate from [Fo5].) We must mention here that recently Kisin [Ki3, 
Theorem 02] proved the full faithfulness of the functor V i— > V|r Koo in the context 
of all crystalline Q p [rx ]-modules. (Everywhere in this paragraph p is any prime 
number.) 

We shalll use without special reference the following notation: 
Basic Notation. 
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• If A, B, C are sets and / : A — > B, g : B — > C then their composition will 
be denoted by fg or, sometimes, by / o g. 

• k is a perfect field of characteristic p > 2, K 00 is the fraction field of the ring of 
Witt vectors W(k), Kq is a totally ramified extension of Kqo of degree e with fixed 
uniformising element tiq and the valuation ring Oq, K = Ko(n) and O = Oo[n], 
where tx v = 7r ; K is a fixed algebraic closure of K, O is the valuation ring of A, 
and for any field extension E of K in A, Te = Gal(K/E); 

• Gt'q , resp., Gr^, is the category of all finite flat p-group schemes over Oq, 
resp., O; Gro and Gro are the corresponding full subcategories consisting of ob- 
jects killed by p; for any finite flat group scheme H we denote by A(H), A H and 
en, resp., the affine algebra, the comultiplicatiopn and the counut of H; 

• In the category Aug of augmented O-algebras, I a is always the augmentation 
ideal of A G Aug ; 

• <p(X, Y) = (XP + YP -(X + Y)P)/p G Z[X, Y] is the first Witt polynomial 
and 4>(X) is just an abbreviation for (p(X ® 1, 1 <g) X); 

• for an indeterminate t, we set S = k[[t]], a : S — > 5" is the morphism of 
p-th power, So = fc[[£o]] C S with to = t p , the corresponding fraction fields are 
/C = FracS and JCq = FracSo; kso '■ S/t ep — > O/pO is a ring isomorphism such 
that Kso(t) = 7rmodp and for any a G k, «so(«) = [a] modp, where [a] is the 
Teichmiiller representative of a. 

Acnowledgements. The author expresses deep gratitude to the referee for very 
interesting and substantial remarks and advices. 

1. A category of filtered modules. 

1.1. The categories MF e s and M.Ts- 

Suppose e G N. Denote by MFg the category of triples (M°, M 1 , </?i), where M° 
is a free S- module of finite rank, M 1 C M° is a submodule such that M 1 D t e M°, 
and y?i : M 1 — > M° is a a-linear morphism of S-modules such that the set (pi(M 1 ) 
generates M° over S. Notice that M 1 is a free S module, rkg M° = rkgM 1 , and 
(pi maps any S-basis of M 1 to an S-basis of M°. The morphisms (M°, M 1 , </?i) — > 
(Mi, M\, ipi) in MF| are given by S-linear morphisms / : M° — > such that 
/(M 1 ) C Ml and f(fi = (fif. 

Let S = cr(S). Then S = k[[to\], where t = t v . Consider the category MF ej s 
of So-modules with slope ^ e. Its objects are couples (M,<p), where M is a free 
Sb-module of finite rank, ip : M^ — > M, where M^ = M® (SojfJ ) S — ► M, is an 
So-linear morphism such that its image contains t%M. The morphisms in MF e) s 
are morphisms of the corresponding modules which commute with ip. The category 
MF e> 5 is equivalent to MF|. This equivalence can be given by the identification 
of rings So ®(s 0iC r) $0 — & (where to ® 1 l— *■ t), the correspondence (M,(p) i— > 
(MW,! 1 ,^), where M 1 = <p _1 (t§M) and = ^wIm 1 with any fixed 77 G S*. 

Introduce the category M.T s as the category of triples (M°, M 1 , where M° 
is an S-module, M 1 is a submodule in M , and </?i is a a-linear morphism from 
M 1 to M°. The morphisms / : (AT , A 1 , <^i) — ► (M°, M 1 , </?i) in A^J's are given 
by linear morphisms / : A — > M°, such that /(A 1 ) C M 1 and f(pi = (pif. 
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The category AAT s is additive, in particular, / is epimorphic iff f(N°) = M°. 
We shall call / strictly epimorphic if in addition /(Af 1 ) = M 1 . 
Notice that MF e s is a full subcategory in AAT ' s . 

1.2 ifi-nilpotent lifts. 

Suppose Af = (N°, N 1 , <pi) and M = (M°, M 1 , <pi) are objects of MF S and 
9 e H.om M p s (A/", M). 

Definition, a) 9 will be called (pi-nilpotent if for T = ker9 C iV°, it holds 
Ker(0|jy-i) = T, <fi(T) C T and <£i|t is topologically nilpotent. (This means that 
if T = T<°) and for i > 0, T^ +1 ) = (p^T^S, then p| T w = 0.) 

b) if Af G MFg and 9 is strictly epimorphic and </?i-nilpotent then we say that 9 is 
a (fi-nilpotent lift of A4 to MFg. 

Notice that the composition of </?i-nilpotent lifts is again </?i-nilpotent. 

Proposition 1.2.1. Suppose M,Mi G MFs and 6 1 : Afi — > Mi, 9 : Af — > M 

are ifi-nilpotent lifts to MF^. Then for any f G Hom J vtjr g (Ali, M) there is a 
unique f G HomMF| (Afi , Af) such that f9 = 9\f . 

Proof. The proof can be easily obtained from the following Lemma. 

Lemma 1.2.2. Suppose Af,A4 G MT s and 9 G Horn^^ (A/ - , A4) is ifi-nilpotent 
and strictly epimorphic. Then for any Af\ G MFg, the map 9* : Homx p s (Afi , Af) — 
Homx jr s (AA. , A4) is bijective. 

Proof of Lemma. Let Afi = (Af, A" 1 , ifi). Choose an S'-basis n\, . . . , n 1 in N± and 
set n\ = (n\, . . . , n 1 ). Let hi = ifi(n\) := (ni, . . . , n u ), where for all 1 ^ i ^ u, 
Hi = (fi{n\). Then ni, . . . , n u is an S'-basis of Af and there is a matrix U G M U (S) 
such that h\ = n-JJ . We shall use below a similar vector notation. 

Suppose Af = (N°, N 1 , iff), M = (M°, M 1 , ifi) and / G E.om M yr s (Afi, M). 
Then / is uniquely given by two vectors f(ni) = rh and f(n\) = hi 1 with coordi- 
nates in M° and M 1 , resp., such that ifi(fh 1 ) = rh and m 1 = mt/. 

Choose a vector n^ ^ 1 with coordinates in A^ 1 such that 9(h^ 1 ) = rh 1 and set 
77,( ) = (p 1 (n^ 1 ). For i > 0, define by induction on % the vectors h^ and h^ 1 as 
follows: n^ 1 ) 1 = h^U and v?i(n (i+1)1 ) = h (t+1 \ 

Then the sequences {n^ 1 }^ and {^^}i^o converge in A^ 1 and, resp., A^°. 

Indeed, use the submodules TW, i > 0, in A^ 1 from the above definition of 
</?i-nilpotent morphism n. Then n^ ^ 1 — n^ 1 has coordinates in T = T^°\ its ipi- 
image — n^ 1 ' has coordinates in <pi(T^) and h^ 1 — h^ 1 has coordinates in 
V?i(T(°))Si = T^f Similarly, for any i ^ 0, - n^ +1 ) and n^ 1 - h^ +1 ^ have 
coordinates in TW. So, the condition P| = implies that the both sequences 

are Cauchy and, therefore, converge. 

Now let n 1 G A^ 1 and n G A^° be limits of the above sequences {n^ 1 }^ and 
{n^}i^o, resp. Then ifi{n l ) = n and n 1 = nil. So, the correspondences n\ h- > n 1 
and ni i— > n define (7 G Hom^^^i, A/"). But ^(n) = m and ir(n 1 ) = rh 1 because 
for all i ^ 0, 7r(r2,^- ) ) = m and 7r(n^- )1 ) = rh 1 . So, / = 9*{g) and is surjective. 

Suppose g' G Hom^^ (A/i , Af) is such that 9*(g') = f. Then g'(ni) = n' 
and, resp., = h' 1 have coordinates in A^° and A^ 1 , resp. Notice also that 
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ipi(n a ) = n', n' 1 = n'U, 9(n') = m and 9(n n ) = m 1 . Therefore, n' 1 — n^ 1 has 
coordinates in T^°\ n' — n^ Q > has coordinates in ip\ ( T (°)) , n' 1 — n*- 1 -* 1 has coordinates 
in Lfi(T^)Si = and so on. In other words, for any % ^ 0, n' 1 — and 
yj'_fjW have coordinates in Taking limits we obtain that n 11 = n 1 and n' = n, 
i.e. g = g'. 

The Lemma is proved. □ 

1.2.3. With notation from above Proposition 1.2.1, / will be called a (pi-nilpotent 
lift of /. Notice also the following properties: 

a) the correspondence / >— > / induces an injective homomorphism 

Hom M r s (Mi,M) — ► Hom M F« (M,^0; 

b) a </?i-nilpotent lift is unique up to a unique isomorphism in MF^; in particular, 
a </?i-nilpotent lift of Ai G MF e s to MF e s is an isomorphism; 

c) if Ai G AiT s , Af = (AT , N 1 , (f\) G MF^ and : A/" — ► M is a pi-nilpotent 
lift of Ai then Ker6> C tN 1 . (Indeed, if n G Ker6> and n ^ tA^ 1 then for any % ^ 1, 
Vi(^) G A^ 1 \ tN° and, therefore, does not converge to 0.) 

1.3 Simplest objects and their extensions. 

Let Ai = (M°, M 1 , <^i), TWi = (Mf, M*, A4 2 = (M 2 °, Mj, v?i) be objects 
of M.T s- By definition, the sequence — > Ai\ — ► Ai — ► M.2 — > is short 
exact in M.T s if the corresponding sequence of .S-modules — ► — > M° — > 
M® — ► and the induced sequence of maps of their sub modules — > Ml — > 
M 1 — > M\ — > are short exact. Then for given one can define, as 

usually, the set of classes of equivalence of short exact sequences Ext_A4jF s {M.2, -Mi), 
and this set has a natural structure of abelian group. 

Definition. If s G S is such that s\t e define the object Aig of MFg as (Sm, Sm 1 , <p\) 
such that ifiim 1 ) = m and m 1 = sm. Such objects Aig will be called simplest. 

Remark 1.3.1. Notice that, if §,§' G S are divisors of t e then Aig — A4g' iff s' = 
s-u p_1 , where u G S*. In particular, by enlarging if necessary the residue field k we 
can always assume that s is just an integral power of t. 

Let K,' be a finite field extension of /C = Frac S and let S' be the valuation ring 
of IC' . If eo is the ramification index of the field extension IC'/IC and e' = eeo 
then there is a functor from MF e s to MFg/ given by the extension of scalars Ai = 
(M°, M\ v?i) i-> Ai ® s S' := (M° ® s S', M 1 ® s S', Vl ® s S'). 

Proposition 1.3.2. If Ai G MF e s then there is a tamely ramified extension K,'/)C 
such that Ai® sS' can be obtained by a sequence of successive extensions via simplest 
objects of the category MF e s , . 

Proof. Let Ai = (M°, M 1 , ip t ). The embedding M 1 C M° induces the identifica- 
tion of /C-vector spaces V := M° ® s K> = M 1 ® s & and v?i induces a (j-linear mor- 
phism (pi : V — ► V such that (pi(V)K. = V. Therefore, V is an etale </?i-module, 
cf. [Fo4], and we can apply the antiequivalence of the category of etale </?i-modules 
and the category of continuous /C[r^] -modules H, where Tjq = Gal(/C sep //C), cf. 
[loc cit] . This antiequivalence is given by the correspondence 

V » H := {/ G Hom yc (y, /C sep ) | Wv G V, f(<pi(v)) = f(v) p }- 
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(Here Tjc acts on H via its natural action on /C sep .) Notice that the inverse functor 
is induced by the correspondence H \— > V = Komjc[r K ](H, IC sep ). 

Then use that the action of the wild inertia subgroup of Fjc on H is unipotent. 
This implies the existence of a finite tamely ramified field extension K' of K such 
that H <g)jc K' has a decreasing filtration by its /C'fr^'l-submodules such that the 
corresponding quotients are 1-dimensional /C'-vector spaces with the trivial action 
of r^y. Therefore, V ®k: K' has a /C'-basis v\,...,v u such that for all 1 ^ i ^ u, 

<Pi(vi) = Vi + y^ j v j a ji , a j% G KJ . 

j>i 

Therefore, M 1 ®g S' has an S"-basis m\, . . . , such that for 1 ^ z ^ it, 

¥>i(mj) = y]m}Mji, tiji G 5". 

It remains to notice that for 1 ^ i ^ it, rrii = (pi(mj) is an 5"-basis of Mg, = 
M° ®s 5", and the condition M 1 D t e M° implies that all St := it« divide t e . The 
proposition is proved. □ 

Proposition 1.3.3. Suppose s e S, s\t e and Af = (A , A 1 , cpi) G MF|. ITien 
t/iere is a natural isomorphism of the group ExtMF| (Ms, N) on ^° Zs(Af) / Bs(Af), 
where Z s (Af) = {n G A \ t e s~ l n G A 1 } and B s (Af) = {v 1 - s^v 1 ) \ v 1 G A 1 }. 

Proof. By definition, AA$ = (Sm, Sm 1 , <pi), where t/?i(m 1 ) = m and m 1 = sm. 
Suppose M = (M°, M 1 , ipi) G Ext M F|(-M s -, Af). Then M can be described as fol- 
lows: M = N° © Sm, M 1 = N 1 + Sm 1 , where m 1 = sm + n(M) with n(M) G A 
and ipi(m l ) = m. Notice that M 1 D t e M° holds if and only if n(M) G Z s (Af) 
and the morphism <pi is uniquely defined. Any equivalent to M extension A4' 
can be decribed by another lifts m' = m + v, m' 1 = m 1 + v 1 with v G A and 
v 1 G A 1 such that </?i(f 1 ) = v. Then the corresponding element n(M') equals 
n(M) + v 1 — st/?i(t' 1 ), i.e. n(M) = n(M') mod Bs(Af). Finally, a straighforward 
verification shows that the correspondence M \— > n(M) modBg(Af) gives the re- 
quired isomorphism. □ 

Remark 1.3.4. If s G S* then we can always choose n(M) G A 1 + tN° (use that 
(pi(N 1 ) generates A ). 

Let 5" = S[t'] where t' p = t. Consider the extension of scalars 
M h-> M ®s S' G MF e £, where M G MF e s . Consider the induced group ho- 
momorphism tv S S' ■ Ext M F| (Ms, Af) — > Ext MF <^v(Ms <g>s 5", Af ®s S'). 

Choose a basis n\, . . .,n\ of A 1 such that for 1 < i ^ u, there are §i £ S such 
that the elements s" 1 ^ = rii form a basis of A . With this notation 

Zg(Af) = ^^^aiUi | all ai E S and t e s~ l an = Omodsi|> . 

The module Z s (Af ®s &') is given similarly with the only difference that all coeffi- 
cients a.i should belong to 5". 
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Proposition 1.3.5. With the above notation suppose z = Yli a i n i e Z§(J\f <g>s S'). 
Then zmodB^AT ®s 5") belongs to the image of ttss' if an d only if for all i, 
ai <E S mod §i . 

Proof. Suppose z mod Bg(N ®s S') = Tvss'(y), where y = J2i 0i n i m od B$(Af) with 
all Pi G 5. This means that J2i a i n i = ^2iPi n i + v 1 — §t^i(f 1 ), where v 1 = 
E,7^! = e N 1 ® s S'. Then ip^v 1 ) = Y.*1^M) = Ei fai ^ N ° ^ 

N° ®5 5", all cxi = Pi + 7iSi — sdi and ctj G ($ — s<^) mod Si E S mod Sj. 

Conversely, suppose for all i, aij = a° + SjC^, where a® E S and G 5". Then 
G N 1 ® s S', 

^ cum^ = ^ a°?ii + s<^i I ^2 $i a i n i I m °d B S (N 0s S') 

i i \ i / 

and the right-hand side is defined over S. The proposition is proved. □ 

1.4. Special bases. 

Let M = (M°, M 1 , ^) G MF|. 

Definition. An S'-basis m;[,...,m* of M 1 will be called special if the non-zero 
images of mj, 1 ^ i ^ it, in M°modtM° are linearly independent over k. 

Suppose m\, . . . ,m* is a special basis of M 1 , m-j = <^i(mj) if 1 ^ i ^ u, and 
£7 G M u (Si) is such that (m}, . . . , m\) = (mi, . . . , m u )U . Notice that the condition 
M 1 D fM° implies that t/ divides the scalar matrix t e E in M U (S) (where E is 
the unit matrix of order u), i.e. there is an V G M U (S) such that UV = t e E. Let 
i7 = (uij), V = (vij) where all entries «y, G S 1 . 

Proposition 1.4.1. the above notation, if 1 ^ r 7 it, £/ien 

UijVj r = Omodt. 



Proof. Because the basis m{,...,m^ is special we can assume that there is an 
index io, such that m\, . . . , m\ G fM° and m^ o+1 , . . . , m^ are linearly independent 

modulo tM°. Consider the image of the equality t e m r = m]vj r in M°modt, 

i 

where 1 ^ r < w. This gives = ^ (m]modt)f jr and, therefore, w jr G tS 1 if 
io < j ^ u - On the other hand, if 1 ^ j ^ io then m] = rriiiiij G tM° and for 

i 

any 1 ^ z ^ u, G ^5". The proposition is proved. □ 

2. Construction of the functor Qo : MF e s — > Gr<> 

2.1. TTie category Aug and the functor i : Aug — > M.T s- 

The objects of the category Aug are flat O-algebras A of finite rank over O 

with a given augmentation ideal I a- The morphisms are morphisms of augmented 

algebras. 
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Definition. If A G Aug G then: 

a) I A (p) := {aEl A \a p E pA}- 

b) I A P is the maximal ideal of A with nilpotent divided powers or, equivalently, 
such that if a\ = a G and for any i G N, c^+i = af/p, then all G and 
lim a 4 = 0. 

Notice that I A /I® P is killed by p (remind that p > 2) and we can use the 
identification kso to provide I A /I® P with an S'-module structure. Then the triple 
l dp (A) := (I A /I^ P , I A (p)/I^ p , <pi), where <p\ is induced by the correspondence 
a i— > —a p /p with a G I A (p), is an object of the category M.T s- The correspondence 
A i— > t DP (A) gives rise to the functor from Aug to M.T s- 

Proposition 2.1.1. Suppose A G Aug G , u ^ 1, b±,...,b u G I A /I® P and ele- 
ments b\, . . . ,b\ G I A (p)/I A p are such that for 1 ^ i ^ u, <fii(b]) = bi. Suppose 
U G M u (0) is such that (b\, . . . , &i) = (bi, . . . , b u )U . Then for 1 ^ i ^ u, there 
are unique bi G I A , b\ G I A (p) such that frjinod I A P = bi, bj modI A p = b\, 
{ Vx (b\\ • • • , <Pi(K)) = (b u ...X) and (b\, . . . , Si) = (&!,... , S U )17. 

Proof. The proof is very similar to the proof of proposition 1. 

Use the vector notation, e.g. 6 = (6i,...,6 u ), = (6},...,6i). Choose fr^ 1 
with coordinates in -Ta(p) such that b^^modl® 1 ^ = b 1 . Then define for i ^ 1, 
and via the relations = ^(frW 1 ) and = b^^'U. Consider the 

sequence of ideals Ji, i ^ 0, such that Jo = I A P and Jj + i = -Ta(p) Ji +<fii( Ji), where 
<fii(Ji) is the ideal generated by all elements <pi(a), a G Ji. Notice that for all i ^ 1, 
= mod Jj_i and &W = fr^ -1 ) mod J\-\. This proves our proposition 

because P| Jj = 0. □ 

2.2. T/ie family of augmented O -algebras A{M), M G MF|. 

Suppose .M = (M , M , <^i) and the coordinates of the vector m 1 = (m}, . . . , mi) 
form a special basis in M 1 . As earlier, the coordinates mi, . . . , m M of t/?i(m 1 ) = m 
form an 5-basis of M° and there is an U G M U {S) such that m 1 = mt/. 

Choose U G M u (0) such that Umodp = Kso(U mod t ep ). Introduce the aug- 
mented O-algebra A as a quotient of 0[Y 1; . . . , Y u ] by the ideal 

Ja:= J A ,Kr\0\Y!,...,Y u ], 

where J Aj k is the ideal in K[Y±, . . . , Y u ] generated by the coordinates F±, . . . , F u 
of the vector F = {YUp p ' + pY. By definition the augmentation ideal I A of A 
is generated by Y\ mod J A , . . . , Y u mod J A . Here and everywhere below we use the 
vector notation Y = (Yi, . . . , Y u ) and for any matrix C = (cy), := (c^). So, if 

t/ = (uij) then for 1 ^ i < it, Fj = . YjUji) p +pYi. If there is no risk of confusion 
we shall use just the notation Yi, . . . , Y u for the elements Yi mod Ja, . . . , Y u mod 
of A. 

Proposition 2.2.1. A is a flat O-algebra of rank p u . 



Proof. First, we need the following property. 
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Lemma 2.2.2. a) U^ p > = {u p A divides the scalar matrix pE in M u (0); 

b) if V° = (vfj) G M u (0) is such that U^V° = pE then for any 1 ^ i,r, j ^ u, 

Ui r v®j = mod 7r. 

Proof of lemma. Let V = (vij) G M U (S) be such that UV = t e E. Choose i>ij G O 
such that for all 1 ^ i,j ^ u, Vij mod p = Kso( v ij modt ep ). Then the equality 
UV = t e E implies that Ui r v r j = ir e 5ij modp, where 5 is the Kronecker symbol. 

r 

Now Proposition 1.4.1 implies that all products Ui r v r j = Omod/T and, therefore, 

^ u\ r v v r - = Tv ep dij modp7r. 

r 

This gives the existence of v' 44 G O such that = #f„. mod7r and 

r 

Therefore, we can take the matrix V° = (v^) = (v'ijpn~ ep ) to satisfy the require- 
ment U^V° =pE. Clearly, the condition b) follows from Proposition 1.4.1. 
The lemma is proved. □ 

Continue the proof of proposition 2.2.1. Let (F{, . . . , F^) = ((YU)^ +p?)U^~ 1 . 
Let J' A be the ideal in 0[Yi, . . . , Y u ] generated by F{,...,F^. Clearly, J' A ®<j K = 
J A ®o K. By above Lemma 2.2.2 all F[ G 0[Yi, . . . , Y u ] and, therefore, J' A C J a- 

Definition. <p [Y"i, . . . , Y u ] will denote the O-submodule in 0[Yi, . . . , Y u ] gener- 
ated by all monomials Y- := Y^ 1 . . . Y£ u , where i = (zi, . . . , i u ) is a multi-index such 
that ^ ii, . . . , i u < p. 

Lemma 2.2.3. With the above notation 

0[Y t , . . . , Y u ) = ® kl ,..., ku> oO <p [Y u Y U ]F'^ . . . 

Proof of lemma. First, prove that for all 1 ^ % ^ u, F[ = Yf + G\, where 
G^mod7r G k[Yi, . . . , Y s ] are linear polynomials. Indeed, the non-linear terms of 
the polynomial F[ — ^ ■ Y p vF^ have coefficients divisible by elements of the form 

p\ij x i . . - Uj p i- By above Lemma 2.2.2, U^ 1 = (v^/p). Therefore, the coefficients 
of non-linear terms of F[ are linear combinations of puj x % . . - Uj^v^Jp = 0mod7r 
because Uj^v^ = 0mod7r. 

Now the division algorythm in each variable Yi,...,Y u gives the required de- 
composition modulo 7T. This immediately implies the required decomposition on 
the level of O-modules. The lemma is proved. □ 

Lemma 2.2.3 implies that the projection prg of (9[Yi, . . . , Y u ] onto the (0, . . . , 0)- 
component <p [Yi, . . . , Y u ] of the corresponding decomposition has the kernel J' A 
and it identifies 0\Y U . . . , Y U ]/J' A with the flat O-module <P \Y X , . . . , Y u \. 

13 



The embedding J' A c J a induces an epimorphic map of O-modules 



a : <p [Y"i, ...,Y U ] — > A. 

But J' A ®o K = J a ®o K implies that Ker a ®o K = (because <P [Y U . . . ,Y U ] 
has no O-torsion). Therefore, Ker a = 0, J a = J' a an d the proposition is proved. 
□ 

Remark. Notice that for any 1 ^ i ^ it, one has dFi = p(l + Hi)dY i: where all 
Hi belong to the maximal ideal of the ring of formal power series 0[[Yi, . . . , Y u ]]. 
Therefore, dFi, 1 ^ i ^ u, form an K [[Yi, Y u ]] -basis of y ]]/k anc ^ 

A K = A ®o K is etale over K. 

Definition. For a given M = (M°, M 1 , (fx) G MF| denote by A(M) the family of 
O-algebras obtained by the above procedure for all choices of a special basis in M 1 
and the corresponding lift U G M u (0) of the matrix k,so(U modt ep ) G M u (0/pO). 

2.3. ifi-nilpotent lifts A P . 

Suppose A/1 = (M^M 1 ,^) G MF| and A G ^4(A4) is given in the notation 
from n.2.2. Consider t DP (A) = {I a/I a P , i a{p)/Ia P , ¥>i) e A4.Fs. Define the S- 
linear morphism 0^ : M° — ► Ia/Ia_ P by the correspondences rrii = ip\(m\) h- > 
^mod/f^, 1 < i «C u. Then 0^ induces 6>^ : M 1 — ► I a (p)/Ia P , which is also 
uniquely determined by the correspondences m\ \— > mod ij^, 1 ^ i ^ it. So, 

0^(M°) = N ( 

^(M 1 ) = A^ 1 

where for all 1 ^ i ^ u, 
(2.3.1) 

Clearly, ^ : I A (p)/I% P 
A/" = (AT , AT 1 , <^i) G A/fJFg together with the natural embedding A/" — ► i DP (A) in 
the category M.T s- On the other hand, it is not obvious that 9 A P := (9 A , 6\) gives 
a morphism from A/f to M in the category AiJ-'s'- we must verify the compatibility 
of 6 A P with <^i's in M and A/". As a matter of fact, we have more. 

Proposition 2.3.2. is a ifi-nilpotent morphism in the category M.T s- 

Proof. Consider the map I a '■ M — ► A ® O/pO given for 1 $C i ^ it, by the 
correspondences rrii \— > Yj := Yj modp. If A4 := £a(.M) = (M°, M 1 , </?i), then 

• M° is a free O/p = Kso(S '/t ep )-module with the basis Yi, . . . , Y u ; 

• M 1 is generated over O/p by Zi := ZimodpA, where i = l,...,u and 
Zi, . . . , Z u are given by above relations (2.3.1); 

• ipi : M 1 — > M is a unique cr-linear map such that Zi i— > Yj, 1 $C z ^ it. 
Clearly, ^ : A/f — ► la{M) is <^i-nilpotent (use that p > 2 and </?i(t ep M°) C 

^(^(p-^M 1 ) C ^p-^M ). So, if h : M — ► 0^ P (M) is the natural projection 
and T = Ker h : M° — ► A^° then it will be sufficient to prove that Ker/j,]^ = T, 
<fii(T) C T and <pi\t is nilpotent. 
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3 

Ia/Ia P induces : A^ 1 — > N° and we obtain 



Lemma 2.3.3. If for o\, . . . ,o u G O, ^ o^Xi G -Ta(p) #&en ^ o^Y G M 1 . 

i i 

Proof. If X^o^Y G Ia(p) then £V ofl^ p G pi a- Consider the generators F[ 
Yf + G\, 1 < % ^ u, of the ideal from the proof of proposition 2.2.1. Then 

(2.3.4) J>^GpO[Yi,...,Y u ]. 



Indeed, ^ of Yf = — of mod Ja and the polynomial from the right hand side 
is a canonical presentation of the element from the left hand side as a polynomial 
fromO<P[Yi,...,y tt ]. 

Notice now that the linear terms of the coordinates of the vector . . . , GJJ 
are equal to pY(CA p )) _1 . Therefore, above condition (2.3.4) implies that 

Uip)- 1 

with all ai, . . . , a u G O. 

Clearly, for 1 ^ i ^ u, there are a[ G O such that = c^mod^. Then we 
obtain 











l-l 















M 




mod7r e 













YU \ ... \ = Z ... I rnodTT 6 . 



In other words, OjYj is an O- linear combination of Zi, . . . , Z u modulo n e M° 

and it remains to notice that 7r e M° C M 1 . 
The lemma is proved. □ 

• Prove that T = Ker h\ ^ . 

Suppose oi , . . . , o u G O are such that Y,i°i Y i e Ker/l - Then Ei^y e lf p . In 
particular, J2 i OiY i G -Ta(p) and £V o^Y G M 1 by the above lemma. So, T C M 1 
and, therefore, T = Kerh]^. 

• Prove that v?i(T) C T. 

Let J* be the ideal in A generated by p and all products Z ix . . . Z ip , where 
1 ^ ii, . . . , i p ^ u. Because p > 2 and all Z$ G -Ta(p)) it holds J* C / pp - 

Suppose Oi, . . . , o u G O and m — £V o^Zj G T. Then OjZj G and <£>i(ra) 
is the image in I a/ pi a of J2i i Y i = -~P~ X °iZi) P where j* G J* (use that 
Zf +pYi = 0). This element belongs to I® P and, therefore, (pi(m) G I ^ p mod pi a, 
i.e. </?i(m) G T. 

It remains to prove that <pi\t is nilpotent. 
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First, introduce the O-subalgebra A' of A generated by Z±, . . . , Z u . It can be de- 
scribed as the quotient of the polynomial ring 0[Zi, . . . , Z u ] by the ideal generated 
by all 

Zf + pYi = Zf + pn~ e ^2 z jVji, 1 < i ^ u, 

j 

where V = (vij) G M u (0) is such that UV = 7r e E. (The existence of V follows from 
the existence of V G M U (S) such that UV = t e E.) This implies that any element 
b of A' can be written uniquely as b = ^ Oi_Z- G <p [Zi, . . . , Z u ] (as earlier, here 

% = (zi, . . . ,i u ), ^ ii, . . . ,i u < p, all G O and = Z^ . . .Z 1 ™). 
Let I a' = (Zi, . . . , Z u ) be the augmentation ideal of A'. 

Lemma 2.3.5. If ai, . . . ,a u G O and a.\Z\ + . . . + a u Z u G I A , + pA' then all 

OLi G pil~ e O . 

Proof. We have ol\Z\ + ■ ■ ■ + a u Z u + pb = a G I A ,, where we can assume that 

b = Y, i o i z i -eO<p[z 1 ,...,z u ]. 

Notice that a is an O-linear combination of the terms Z] 1 . . . Z 3 ^ with 
ji + . . . + j u ^ p. If all ji < p then such a term can contribute only to the 
coefficient Oi from the above decomposition of b with i = (ji, ■ ■ ■ , j u ) and does 
not affect a±, . . . ,a u . If for some index i, ji ^ p then Zf must be replaced by 
—p-K~ e J2j ZjVji and a possible contribution to cti, . . . , a u is zero modulo pn~ e . 

The lemma is proved. □ 

• Prove that <pi\T is nilpotent. 

Suppose mo G T. For all i > 0, set m !+ i = (pi(rrii). 
Choose rho = J2 k o^oZ^ such that rho modplA = tuq. 

Then rho G I A P and, therefore, if Uq = rho an d for % ^ 0, itj+i = —u p /p, then 
lim = 0. Notice that all U{ belong to the augmentation ideal Ia> of the above 

i — »oo 

defined O-algebra A' = 0[Zi, . . . , Z u ]. 

For % > 0, define rhj = o^Z^ with G O, by the relation 

fc fc 
Clearly, = rhi mod pi a and there are G J^/ such that 

• 

rrii+i = h Ji- 

P 

This means that for any i ^ 0, mj = t^mod/^, . Therefore, there is an ii ^ 
such that for any i ^ ii, rhi G i^, +plA'- Now Lemma 2.3.5 implies that G 
tt^p-^M 1 and <^i|T is nilpotent because tp^M 1 ) C ?r ep M C tt^-^M 1 and 
p > 2. 

The proposition is proved. □ 

2.4. T/ie /nnctor Go : MF^ — ► Gr . 

Consider A1 = (M ,M 1 ^ 1 )6 MF^, A G .4(714) and S G Aug G . 
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Lemma 2.4.1. The correspondence f h- > ^ p o i DP (f) induces a bijective map 
from Hom Au g (A B) to Rom M ^ s (M,L DP (B)). 

Proof. Suppose A = 0[Yi, . . . , Y u ] is given in notation of n.2.2. Then by considering 
the images c of the vector Y = (Y±, . . . , Y u ) in (Is)" we obtain 

Hom Augo (A B) = {c G (Jb) u , c' G 7 B (p) u | - c (p) /P = c, c' = ct> }. 
Similarly, 

Hom^Af, i DP (B)) = {be (I B /lE P r,b' e (I B (p)/lE P ) u I <Pi(P) =b,b' = bU}. 

The correspondence / i— > 6^ p oi DP [f) is given by the projections c cmod 
and c' I— > c'mod/g^. Therefore, our lemma follows from proposition 2.1.1. □ 

Proposition 2.4.2. Suppose Mi, M 2 G MF^, A x G A{Mi) and A 2 G .4(Af 2 )- 
Then 

a) /or any o G Houlmf 6 (A4i, AI2), £/&ere is a unique f G HomA U g (^i,^2) such 
that9° p o L °r(f)=goe° p ; 

b) roift the above notation, the correspondence g 1— > / gives an embedding 

p Al A 2 : H.om MF e s (M 1 ,M 2 ) — >Hom Au g (^i,^2)- 

Proof, a) follows from Lemma 2.4.1 applied to go9^ p G Houl_a4jf s (.Mi, t' DP (A2)). 
In order to prove b) notice that t DP (f)(0% p (Mi)) = (g o 6% p )(Mi) C 6% P (M 2 ). 
Therefore, a appears as a unique </?i-nilpotent lift of 

□ 

Let Al G MFg and A G ^4(.M). Notice that A<g> A G ^4(A4© M). Indeed, sup- 
pose A is constructed via the special basis m\, . . . , m u of M 1 and the corresponding 
matrix U G M u (0). Then A ®o ^4 will appear in A(A4 © Af) via the special basis 
(m\, 0), . . . , (m* , 0), (0, m\), . . . , (0, m*) of M 1 © M 1 and the corresponding matrix 
U 
t> 

Then proposition 2.4.2 immediately implies that Spec A can be provided with a 
structure of the object of the category Gro by taking: 

• Pa,a®a(^) - A — > A © A as a comultiplication, where V is the diagonal 
embedding of M into M © M ; 

• the natural projection A — > A/ 1 a = O as a counit; notice that this projection 
also appears in the form pao, where O is considered as an element of .4.(0) and 
= (0, 0, ipi) is the zero object in MF|; 

• Paa(— id^) as a coinversion. 

Now we can introduce the functor Go- For any M G MF e s choose A = A{M) G 
A(M) and set Go(M) — Spec A(M) with the above defined structure of the object 
of the category Gro. If Mi,M 2 G MF e s and / G Hom M F| (Mi, At 2) then set 
£o(/) =PA(Mi)A(A1 2 )(/)- 

We can also use proposition 2.4.2 to prove that under any other choice of repre- 
sentatives A'(M) G A(M), the corresponding functor G' Q will be naturally equiva- 
lent to Go- 
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3. Full faithfulness of Qo- 



3.1. Special case of B G A(Af), M G MF|. 

Let Af = (N°, AT 1 , <^i) e MFg. Choose an S-basis n},...,ni of A^ 1 such that 
for 1 ^ i ^ u, there are s~i & S such that n; = njs" 1 form a basis of iV . All §i 
divide t e because A^ 1 D t e N°. Notice that n{, . . . , n\ is a special basis, cf. n.1.4. 
Indeed, for any 1 ^ i ^ u, n\ G t/V° iff §i = Omodt. Therefore, the non-zero 
elements of the set {n\ modtA^ | Sj G S"*} are linearly independent over k because 
the corresponding elements s~ 1 rii form a part of the >S-basis ni, . . . , n u of A^°. 

For 1 ^ i ^ u, let = </?i(n|) and let U G M U (S) be such that n 1 = n't/. 
Here n 1 = (n{,...,n^) and n' = (n^, . . . , n' u ). Notice that U = UqU\, where 
Uq G GL u (5') is such that u'Uq = n := (ni, . . . ,n u ) and Ui = (Si<%) G M U (S) is 
diagonal. Let D G GL u (0) be such that Dmodp = Kso(Uo^odt ep ) and let for 
1 ^ i ^ u, rj^ G O be such that Kso(si modt ep ) = ^ mod p. 

Denote by O the diagonal matrix (r^j). By the results of section 2 the coordi- 
nates of the vector 

(3.1.1) + py)(DO) (prl 

give the equations of the algebra S = 0[Y] G ^4(A/"). (This S corresponds to the 
above choice of basis n 1 and the structural matrix U = DQ G M u (0).) 

Introduce the new variables X = YD and notice that (Dfl)^ = D^fl^. For 
1 < i ^ u, let rji = —p/r)f. With this notation, the vector (3.1.1) can be rewritten 

as (. . . , Xf — rjiYi, . . . )Z)( p ) . Therefore, the algebra B appears as the quotient of 
0[X\,...,X 8 ] by the ideal generated by the elements 
Xf — rii^^XjCji, where 1 < % ^ s and C = (c^) = D~ x G GL s (0). 

j 

3.2 The description of comultiplication. 

As we have just obtained, if H = Qo{N) with J\f = (N°, N 1 ,^) G MF e , then 
A(H) = B = 0[Xi, . . . , X u ], with the equations 

r 

where u = rk s N° = rk s N 1 , C = (c ri ) G GL u (0) and all rji G O, rji\p. 

Remark 3.2.1. We can assume that all r]^ are just integral powers of tt. Indeed, the 
elements §i G S from n.3.1 can be chosen as integral powers of t and this will allow 
us to choose all rfc as integral powers of tt. We shall also use the notation rji = fj'f, 
i.e. fjiiji = -p. 

By the definition from n.2.4, the comultiplication A : B — > B ®o B can be 
recovered uniquely from the conditions A(Xi) = X^ <g> 1 + 1 <g> Xi + ji, where all 
ji G Ib®b- Using the above equations of B we obtain the following recursive 
relation to recover these elements jf. 

(3.2.2) ^jr<* = Vi(<l>(X i ) + <l>(X i ®l + l®X i Ji))+j?/7i i , l^i^u. 

r 
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Here <j>(X, Y) = p'^X? + YP - (X + Yf) is the first Witt polynomial and for 
all 1 ^ i ^ u, <p{Xi (g> 1, 1 <g> Xi) is denoted just by <j>(Xi), cf. the basic notation in 
the end of the Introduction. 

Let Jb be the ideal in B ®o B generated by the elements rjiXf <g> Xf _r , where 
1 ^ % < u and 1 ^ r < p. Notice that all r)i<j){Xi) G Jb- The definition of the 
ideal Jb depends on the chosen construction of the O-algebra B. But because 
fj^Xi G Ib(p), all fji^l ® Xf ~ r G Ib®b(p) p - This will allow us (if necessary) to 
replace Jb by the bigger invariant ideal Ib®b{p) p - 

Proposition 3.2.3. For all 1 ^ % ^ u, j t G Jb- 

Proof. As we above have noticed, for all z, rji(f)(Xi) G J7b C Ib®b- 

Consider the sequence J n , n ^ 0, of ideals in B <g> £? such that Jo = -/"^igB anc ^ 
for all n ^ 0, J n +i = Ib®b{p)Jji + <Pi(Jn), where the ideal <fii(J n ) is generated by 
the elements {j p /p \ j G J n }. Then the recursive relation (3.2.2) implies that for 
all n ^ and 1 < i < it, ji G + J n . The proposition follows then from the fact 
that the intersection of all J n is the zero ideal. □ 

3.3. The ideals Ib{o), a G O. 

Notice that by Lemma 2.2.3 any element of B can be uniquely written as a 
linear combination Oi_X h G <P [X\, . . . , X u ], where as earlier, i = (h, ■ ■ ■ ,i u ), 

i 

^ i±, . . . , i u < p, X- = XI 1 . . . X^ u and all coefficients Oj belong to O. 

Our system of generators Xi, . . . , X u has a very special property: if for all i, X[ = 
Xf/rji then X[,...,X' U is obtained from Xi, . . . ,X U by a non-degenerate linear 
transformation (given by the matrix C G GL u (0)). Then any element of A can 

be written uniquely as a (similar to just described) linear combination OjX - G 

i 

<P [X[, ...,X' n ], where X' 1 - = X? 1 . . . X'£ . This follows from the fact that B is 
the quotient of 0[X[, . . . , X' u ] by the ideal generated by the elements 

j 

where 1 ^ % ^ u and all Hi are polynomials in X[, . . . , X' u of total degree ^ p. 
Definition. For a G O, set 

Ib{ol) = \ J2 °l X1 e <p [X l5 . . . , X u ] | 0i G O, of G aI B 



Notice that, OjX 1 G is (a) if and only if for all multi-indices i = (ii, ■ ■ ■ ,i u ) 

i 

(where always ^ i±,...,i u < p), it holds Oj G O, of G o^P 1 • • • Vu lu O an d 
O(o,. ..,o) = 0. 

The sets Ib{ol) depend generally on the choice of generators Xi, . . . ,X U , cf. 
n.3.1. But if a\p then Ib(&) = {a E Ib \ a p <E als} does not depend on such a 
choice. Notice that we have used already in 2.1 a special case of the notation is (a) 
when a = p. 
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Lemma 3.3.1. Suppose o G O, a G O and oX- G is(a), where i = (ii,-..,i u ) 
with ^ i\, . . . , i u < p. Then for any 1 ^ j ^ u, oX-Xj G Isictrij). 

Proof. We can assume that j = 1. Notice that the statement is obviously true if 
%\ < p — 1. So, assume %\ = p — 1. 

Use induction on the number r of elements of the set {j \ ij ^ 0}. 

Let r = 1. Then oX- = oX p ~ x G Ib{oi) implies that o v r^~ X = Omodct. Then 

oX l -X x = oXf G o m I B C I B (o p n p ) C I B {pem). 

Suppose r > 1 and the lemma is proved for all r' < r. Then oX p ~ x X % 2 . . . X]^ G 
Ib(o) means o p r] p ~ l rf2 . . .rf^ = Omoda. Consider the equality 

(3.3.2) oX\- x X^ ...Xt =J2°ViCijXl 2 . ..XfrXj, 

j 

Then for any index j, orjiCijX^ 2 . . . X % ^ G lB(o p n p rf 2 2 . . .rf™) C Ib{olth), and 
clearly Xj G Therefore, by the inductive assumption each term of the 

sum (3.3.2) belongs to Ib(ot7i). 
The lemma is proved. □ 

Corollary 3.3.3. a) If 0:1,0:2 G O then I b (®i)Ib(&2) C Ib (0:10:2)/ 
b) Vet G 0, I_b(o) is an ideal in B. □ 

3.4. Recovering H G MF| . 

Suppose A/" G MFg, if = Go{N) and S = A(ii") is the algebra of H given in the 
notation and assumptions of n.3.2. Then use for 1 ^ i $C n, the generators X\ of S 
and the generators Xi <g) 1 and 1 <8> -Xj of £? <8> £? to introduce the ideals Is (o) and 
-Tb®b(o), where a E O. 

For any a G is, let 5 + a = A(a) — a<g>l — l£g>aG Ib®b- Then by Proposition 
3.2.3 for 1 < u, 5+X t G I b ®b(p) p C / B ®s(p p ). 

Lemma 3.4.1. Suppose a <E Ib is such that 5 + a G I b ®b(p p )- Then there are 
01, . . . ,o u E. O such that a = o^Xi mod Ib(p p )- 

i 

Proof. We can assume that a = ^ Oj-X 1 G <P [X 1 , . . . , X u ], where as earlier 

i = (zi, . . . , i u ), < ii, . . . , i u < p and r(z) =iH h z u . Then 

A(Xi) = {X 1 ®1 + 1®X 1 )^ ...{X u ®l + l®X u y- mod I b ®b(p p ). 

It is easy to see that: 

a) S + X L is a linear combination of the terms X 3 -! <g> where j and j are 
multi-indices such that r(j ), r(j ) > and j + j = i; in addition, all such terms 
X 3 -! <S> X 3 -? appear with coefficients from Z* C O*; 

b) any term X-i ® X-2 from the above n.a) does not appear with a non-zero 
coefficient in the decomposition of any 5 + X-i with i x 7^ i. 
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The above two facts a) and b) imply that for any a G O such that a\p p , 5 + a G 
Ib®b((*) if and only if a G Is (a). In particular, if a = p p we obtain the statement 
of our lemma. □ 

Let 6% p : M — ► l dp (B) be the morphism from n.2.3 and 6% P (N) = (iV°, Nf, ip x ) G 
M.J- 's- Then the above lemma implies that 

N° = {a G I B I S+a G I B ®b(p) p }/Ib(p p ) 
is mapped onto N® by the projection Ib/Ib(p p ) — ► Ib/Ib P induced by the em- 
bedding Ib(p p ) C Ib P - Therefore, we have the following statement. 

Proposition 3.4.2. If H = SpecS = Q {M) with M G MF 6 , then M can be 
uniquely recovered as a tp\-nilpotent lift of (N® j Ig P , N\ / ,<fii) , where 

= {a G I B | 5 + (a) G Ib®b(p) p }, N\ = Ib(p) H N% and (p± is induced by the 
map a \— > — a p /p.D 

Corollary 3.4.3. The functor Go is fully faithful. □ 

Remark. We could not prove that the elements of N^/I% p come from a G Ib such 
that 5 + (a) G Ib®b- This is why we use more strong condition 5 + (a) G Ib®b(j>) p - 
As a matter of fact, we could use either the stronger condition 5 + (a) G 3b or 
the weaker one 5 + (a) G Ib®b{p p ), but they both depend on a choice of special 
generators of B and, therefore, are not functorial. 

3.5. A property of comultiplication. 

Suppose M G MFg and H = Go(N) is given in notation of n.3.2. Then for 
1 < i < u, A(X;) = XjOl + lOXj+jj with ji G I b ®b(p p ), cf. n.3.2. Remind that 
any element of i? can be uniquely written as a polynomial from <p [Xi, . . . ,X U ] 
and any element from B ®o B can be uniquely written as a polynomial from 
<p [Xi <g> 1, . . . , X u <g> 1, 1 ® Xi, . . . , 1 (g) We shall use the following property 
later in subsection 6.7. 

Proposition 3.5.1. For 1 ^ i, r < u, ji as an element of <p [Xi <g> 1, . . . , 1 
contains 4>{X r ) with the coefficient f} r d r i modulo pfj r , where (d r i) = C _1 . 

Proof. We can proceed with ji taken modulo Ib®b{p 2p ) because if a G O is such 
that a(j)(X r ) G Ib®b(p 2p ) then a p rj P = 0modp 2p and, therefore, a = Omodpfj r . 

For any 1 ^ i ^ u, ji G Ib®b{p p ) and, therefore, jf/p G Ib®b(p p ~ p ) C 
t b®b(j> 2p ) because p ^ 3. In addition, 

77i0(Xi 1 + 1® X i} ji) G /b®b(p 2p_1 ). 
Therefore, relation (3.2.2) implies that for 1 ^ i ^ u, 

ji = ^2fi r (p(X r )d r iUiodI B (S)B(p' 2p ~ 1 ), 

r 

and we obtain that 

^j r c ri - Vi<t>( x i) = ~Vi(Xi ® 1 + 1 <8> A^- 1 ^r) r 0(X r )d ri mod/ B8B (p 2p ). 

r r 

Notice that for i ^ r, the term (Xj ® 1 + 1 <g> Xj) p_1 (/>(X r ) does not contribute 
to the coefficient for <p(X r ). But if i = r then 

fj r (X r (g) 1 + 1 <g) A r ) P_1 ?) r (/)(A r ) G pfj r lB®B, 

because A p G r^is and ?y r ?7 r = —p. In other words, there is no contribution to the 
coefficient for 4>(Xi) modulo pfj r . The proposition is proved. □ 



21 



4. Construction of the functor Qq : MF e s — > Gro . 

In this section we use the basic notation K, O, tt, Kq, Oq, tyq. We prove that the 
existence of the subfield Kq in K implies that any G = Qo {M. ) G Gro comes from 
a unique Go G Gro by the extension of scalars Go >— > G = Go <S>o O. Then the 
correspondence M. i— > Go will give rise to a fully faithful functor from MF e s to 
Gr 0o . 

4.1. Tamely ramified extension of scalars. 

Suppose K' is a tamely ramified extension of K with the residue field k' D fc. 
Let O'q be the valuation ring of K Q . Denote by e' the absolute ramification index of 
K and set eo = e'/e. By replacing (if necessary) i^, by a bigger tamely ramified 
extension we can always assume that K Q /K is Galois and there is a uniformizer 
n G O'q such that ir e ° = 7r . Then we can introduce K' = K(n') with n' p = n' 
such that tt = 7r /eo . Set 0' = K ' and T = Gal(K /K ) ~ Gal(K'/K). 

Notice, first, that there is the following necessary condition for the existence of 
a descent of G' G Gr ^ to O or , resp., of G' G Gro' to O (it holds without the 
assumption that the ramification of K' over Kq is tame): 

(a) for all r G r there is a r-linear bialgebra automorphism f T of A(G' ) (or, 
resp., A(G")) such that Vn, r 2 G T, / TlT2 = / Tl / T2 . 

If iiTg is unramified over Kq then the above condition (a) is also sufficient for 
the existence of a such descent. If Kq is totally ramified over K of degree n and 
K contains a primitive n-th root of unity, then the corresponding T-action is semi- 
simple and one can easily see that G' admits a descent to Oo, resp., G' admits a 
descent to O, if and only if the condition (a) holds and Vr G T, f T induces the 
identity maps on special fibres. 

With the relation to the category of filtered modules introduce the appropriate 
characteristic p object 5" = &'[[£']], where t = t' e °. Then the identification ks'O' '■ 
S' /t ep S' — > O'/pO' is induced by the correspondence t' h- > tt'. This identification 
allows us to identify the Galois group V with the Galois group of FracS" over 
FracS 1 . In this situation we have the obvious functor of extension of scalars ®sS' : 
MF^ — > MF|', and, clearly, if M G MF^ then Q '(M ® s S') = Qo{M) ®o O' . 

4.2. The following proposition allows us to pass to tamely ramified extensions 
when studying the image of the functor Qo- 

Proposition 4.2.1. G G Gro is in the image of the functor Qo '■ MF^ — > Gro if 

and only if G' = G ®o O' is in the image of the functor Qo' '■ MF e s , — > Gro' • 

Proof. It will be sufficient to consider separately the cases of an unramified exten- 
sion Kq/Kq and a totally ramified extension K'q/Kq of degree n where n is prime 
to p and Kq contains a primitive n-th root of unity. 

Clearly, if G = Qo(M), where M G MF^, then G' = Qo>(M ® s S'). 

Now assume that G' = Qo'(-M'), M' G MF|,. We must prove that there is an 
M G MF^ such that M' = M® S S' '. 

For t G r, consider r-linear bialgebra automorphisms f T such that Vri,T2 G T, 
fr lT2 = frjr 2 and A(G) = {ae A{G') \ Vr G T, f T (a) = a}. 

By Proposition 3.4.2 there are induced r-linear automorphisms of ^^/)(A1 / ) in 
the category M.T s 1 and by Proposition 1.2.1 they give rise to r-linear automor- 
phisms g T G Aut MFe ' (M.') such that for any ri, r 2 G T, g T T = g Tl g T2 . 
s' 
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If M! = (M'°, M n , (pi), then for any r G T, g T is a r-linear automorphism of 
the 5"-module M /0 , g T (M n ) = M' 1 and ^i^tIm' 1 = ^tIm' 1 ^- 

If Kq/Kq is unramified, this already implies that for M° := 
{m G M'° | Vr G r,# r (m) = m} and M 1 := M° n M' 1 , it holds 
M = (M°,M\ pi| M i) e MF| and .M ® s S' = M'. 

If K'° / K° is totally ramified then the T-action is semi-simple and (under our 
assumptions) there is an S"-basis of M' 1 such that for any r G T, g T {m!^) = Xi{ T ) m 'ii 
where 1 ^ i ^ u and Xi '■ T — > k* are 1-dimensional characters. Then the elements 
of the 5"-basis <pi (m^ ),..., <pi(m' u ) of M'° satisfy the conditions <7 r (<^i(m9) = 
X*(t)*ViK), 

1 ^ z ^ u. Therefore, A' = A(G') appears in the form 0'[Xi, . . . , X u ], where 
for all t G r, there are induced r-linear automorphisms h T : A' — > A' such that 
h T (X{) = [xi(r)]Xi, 1 ^ % ^ u. (Here [a] G O' is the Teichmiiller representative of 
a G k.) 

Notice that for all t G T, h T = f T by the uniqueness property from Proposition 
2.4.2. It remains to notice that the elements of A' are presented uniquely as poly- 
nomials from 0' <p [Xi, . . . ,X U ]. Therefore, A' can be descended to the O-algebra 
A(G) if and only if all characters Xi are trivial. So, there is an M. G MF| such that 
M® S S'=M'. 

The proposition is proved. □ 

4.3. Suppose Go G Gro and G = Go ®o O e Gro- 

Proposition 4.3.1. If Hq G Gro is such that Hq ®o O = G then Go = H . 

Proof. Let V = G(K) be the r^-rnodule of ^-points of G. Then there is a canonical 
embedding A(G) C Map TK (V : K) given for any a G A(G), by the correspondence 

a i— > {v i— > a(t>) | V-u G V}. 

The existence of Go G Gro such that Go <8o O = G implies the existence of a 
r^o -module V such that V |rv = V and A(G ) = A(G) n Map r ^o (V~ , iT) with 
respect to the natural embedding 

Map rx °(Vo,i?) C Map TK (V \r K ,K) = Map rjf (V, K). 

Therefore, it will be sufficient to prove that if V ' is any r^Q-module such that 
VqItx = V and V ' = H (K) with i7 G Gro , then V and V ' coincide as r^Q- 
modules. 

Suppose the group morphisms £ : Tk — ► Autp p V and £' : — > Autp p V 
give the structures of r^Q-modules Vo and, respectively, V ' on V. Notice that 
i\v K = £'\r K - By Fontaine's estimates [Fo] for e* = ep/(p — 1) and any v > 
e* — 1, £(F^ ) = C'(r^) = idy, where is the ramification subgroup of Yk 
in the upper numbering. Therefore, £ and £' factor through the natural projection 
— > Yk /Y k \ Notice that Y K J ac ^ s non-trivially on K. (More precisely, 

acts trivially on K if and only if v > e*.) This implies that YkY k J = Yk 
(use that (r^o : r^r) = p)- So, the natural embedding Yk C r^ induces the 
group epimorphism Yk — > r^ /r^ o j . Therefore, the coincidence of £ and £' on 
implies that £ = 
The proposition is proved. □ 



4.4. Suppose G G Gr and G' = G ®o O' e Gr '. 
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Proposition 4.4.1. G admits a descent to Oq if and only if G' admits a descent 
to O' . 

Proof. It will be sufficient to consider the cases where K' /Kq is unramified and 
totally tamely ramified of degree n, where K contains a primitive n-th root of 
unity. 

Clearly, the existence of Go such that G = Go <S>o O implies the existence of G' 
such that G' = G' ®o' O' in both cases. 

Now suppose that G' exists. Because G' = G <8>o O', for any r G T, there is a 
r-linear automorphism of bialgebras f' T : A(G') — > A(G') such that Vti,T2 G T, 
f TT = f' Tl f' T2 and in the case of totally ramified K'/K : Vr G T, f^modn' = 
id-A(G')®k'- 

By the uniqueness property from Proposition 4.3.1 for any r G T, f' T \A(G' ) = fr 
are r-linear automorphisms of the coalgebra A(G' ) and they satisfy the similar 
properties: Vti,T2 G T, / TlT2 = f Tl fr 2 an d in the case of totally ramified K' /Ko, 
Vr G T, / T mod7r = \.&A(G' )®k' (because the embedding A(G' ) C A(G') induces 
the identity map on reductions). Therefore, G' Q admits a descent Go to Oq and one 
can easily see that Go <S>o O = G. 

The proposition is proved. □ 

4.5. The Lubin-Tate group law. 

For any p-adic ring R denote by m(i?) its topological nilradical, i.e. the ideal of 
all r G R such that lim r n = 0. Let 

n^oo 

x p x p " 

Z LT (X) = X + — + ■ ■ ■ + — + ■ ■ ■ G Q p [[X]] 

be the Lubin-Tate logarithm. If R has no p-torsion then m(R) can be provided 
with the Lubin-Tate structure of abelian group such that for any f,g G m(i?), 

[/] + [9] = ^ (M/) + ^lt(^)), cf. eg. [Ha]. 
We need the following simple properties: 

4.5.1) for any f,ge m(R), [f] + [g] = [f + g] + [0i (/, »)] + •••+ [0n(/, »)] + •••, 
where for all n ^ 1, <p n {f, 9) £ is a homogeneous polynomial of degree p n 
and, in particular, F) = y) = (1? + Y p - (X + Y) p )/p- 

4.5.2) for any / G m(R), \p](f) = \pf] + [ ai f p ] +■■■ + [a n f pn ] + ..., where all 
a n G Z p and, in particular, a± = 1 — p p ~ x and for n ^ 2, a n = 0mod(p p_1 ). 

4.5.3) if X G m(i?) then \p](X) = [X p ] + \pX] modp 2 R (remind that p > 2); 

4.5.4) the correspondence a i— > [p](a) induces a one-to-one additive map from pi? 
to p 2 R. 

4.6. From above nn.4.2-4.4 it follows that when studying the image of the functor 
Qo we can make any tamely ramified extension of scalars. In particular, we can 
assume that Oo contains a primitive p-th root of unity Q p . When proving that G = 
Go(M), where Ai G MF^, is obtained via an extension of scalars from Go G Gro , 
it will be convenient to verify this only on the level of augmented algebras because 
of the following property. 
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Proposition 4.6.1. Suppose C P £ O , M E MF e s , G = Spec A = Qo{M) and 
(A, I a) is the corresponding augmented O-algebra. If there is an (Aq, Ia ) £ Aug 0o 
such that Ia <S>o O = Ia then SpecA is provided with a unique structure of 
Go E Gro such that Go <8>o O = G. 

Proof. Suppose b\ , . . . , b u is an Oo-basis of Ia • Then it can be considered also 
as an O-basis of I a- Let A : A — > A Cg>o A be the comultiplication. Then for 

1 ^ i ^ u, 

A(bi) = h <g> 1 + 1 <g> b % + af r bj <g> b r , 

where all coefficients E O. This map A will induce a group structure on Spec A 

if and only if all coefficients off belong to O . 
Suppose r E V = Gal(K/K ). Then 

A M :6 i ^^ r (4; ) )6 J ®6 r 

j,r 

gives a conjugate group scheme G^ E Gro- If f T is a r-linear automorphism of 
A given by the action of r on O and the trivial action on Aq with respect to the 
decomposition A = A <g> 0o O then A^ = f~ x o A o (f T ® f T ). 

Suppose A4 = (M°, M 1 , </?i) E MF| and G is constructed via a special basis 
m\, . . . , of the S-module M 1 , cf.n.2. If Xl, . . . , X u are the variables attached to 
the elements mi = (pi(mj) E M°, 1 ^ i ^ u, then A appears as a unique O-algebra 
morphism A — > A <S>o A such that for all i, Xj \— > Xj <S> 1 + 1 <S> Xi mod I a® a- 
Notice that for any r E Y and 1 ^ i ^ u, f T (Xi) = X^mod I a®a- (U se that for 
any c E I Ao and n ^ 1, (r(yr n ) - 7r n )c G (C P - 1)^ C /£ p .) Therefore, A^ 
appears also as a unique morphism of O-algebras A — > A Cg>o A such that for all i, 
Xi i— > X i (g) 1 + 1 <g) Xj mod I a® a- So, A^) = A and the proposition is proved. □ 

Proposition 4.6.2. Suppose G E Qo{M), M E MF|. TTien i/iere is O G Gr 0o 
snc/i t/iat Oo ®o O = G. 

Proof. By proposition 4.6.1 it will be sufficient to show that the augmented O- 
algebra A = A(G) comes from an augmented Oo-algebra Aq via the extension of 
scalars from Oo to O. 

Suppose \G\ = p. Then by the results of n.3, A(G) = 0[X], where X p — rjcX = 
with c E O* and n E Oq such that r]\p, cf. Remark 3.2.1. Suppose c = [a]ci, where 
[a] is the Teichmuller representative of a E k and c\ E O* , c\ = lmod7r. Let 
C2 = c}/^- 1 ) g O*, c 2 = 1 modTr. Then 

(c 2 X) p - n[a}(c 2 X) = 

and for the augmentation ideal Ia = (c2X)A of the Oo-algebra A = O [c2-X], 
we have 7_a ®o O = Ia(G)- This proves our proposition if |0| = p. 
Suppose \G\ > p. 

By nn.4.2-4.4, we can replace Kq by its sufficiently large tamely ramified exten- 
sion. Therefore, we can assume that: 
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• there is a simplest object M.^ e MFg, where s E S is an integral power of 
t, s\t e , and there is an M = (N°, N 1 , ipi) E MF e s such that M = (M°, M 1 , (pi) E 
Ext MF% (M s ,N); 

• if f]' G is such that Kso(s niod t ep ) = 77' mod p then fj' p = fj E Oq; in 
addition, there is a A' G O such that fj' = A /p_1 and A = X' p G Oo (use again 
Remark 3.2.1). 

Describe the structures of M. and Af. There is an S-basis m 1 , n\, . . . , n\ of 
M 1 such that N 1 = Y^i^ n \- There is an S'-basis m, ni,...,n u of M° such that 
iV° = ^ SVij. We can assume that for 1 $C % ^ w, there are §i E S such that §i|t e , 

= Sitii and m 1 = sm + £V airii, where cti, . . . , a u E S and t e s~ x ai = mod §i 
(or, equivalently, t e s~ 1 ai = Omods). The structural morphism </?i is given via the 
relations </?i(m 1 ) = m and for 1 ^ i $C w, yi(^J) = Ylj n j u jii where (ity) G GL U (S'). 

Describe the structure of the corresponding O-algebra B E A(Af). It equals 
B = 0[X ± , . . . , X u ], where for 1 ^ i < it, - 77* £V -X^c^ = with r\i = -p/fjf E 
Oo, ?)-modp = Kso(§i modt^ p ) and C = (c^) G GL^(O) is such that Cmodp = 
Kso(uij modt ep ). 

The structure of the corresponding A E A(A4) is given by A = B[Y] where 

(4.6.3) ry" 1 ^(Yfj' + ^ r^) p + pY j = |y + r)'" 1 ^ r,X^ - 77Y = 0, 

with ry'modp = smodt ep , fj' p E Oo, 77 = —p/fj' p E Oq and for 1 ^ i ^ u, 
Ti E O, rimodp = ai~modt ep and ?yrf = 0mod(?7i) (or, equivalently, r^rf = 
mod 77). Notice that if 77 G O* then by Remark 1.3.3 we can assume that 
Ylii a i n i + so, in this case we can assume that X^i r i^i e m(S) and, 

because of equation (4.6.3) this implies that Y E m(A). (Rermind that m(A) and 
m(B) are the topological nilradicals of A and B, respectively. ) 

Set h = J2 i TiXi. Then h E Ib and the above congruences imply that h p E fjls- 
By the inductive assumption there is an augmented Oo-algebra B Q such that Ib = 
Ib <8>o ( ) O. Therefore, for ^ / < p, there are b\ E Ib such that h = 7r'&;. 

Let Y' E A ®o K be such that (we use the Lubin-Tate group law) 

(4.6.4) [AY'] = [AY + X'h] - ^[A'A]. 

1 

• If A ^ O* then (4.6.4) implies that Y' = Y mod ttIa- 

• If A G O* then Y G m(A), /i G m(S) and Y' = Ymod(Ym(A) + 7rm(S)). 

(Cf. the definition of m(A) and m(B) in the beginning of n.4.5.) So, in both 
above cases A = B[Y']. 
Find the equation for Y' . 

Multiplying (4.6.3) by A p we obtain that (XY +X' h) p +pXY = 0. Using properties 
of the Lubin-Tate group law from n.4.5 we can rewrite this relation as 

\p](XY') = [p](XY + X'h) - J2lP]C^%) = 

1 

[(AY + X'h) p ] + [p(XY + X'h)] - ^[A'^&f] - Y>~ X '* lh i\ = 

1 1 
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- i~Ktf}modp 2 I A . 

Q^Kp 

Therefore, by replacing Y' by Y\ = Y' — (p/X)a with a suitable a G I a we still have 
A = B[Yi] and Y\ will satisfy the following relation 

(4.6.5) M(A*i) = - E M&fl- 

Notice that the right hand side of (4.6.5) equals A p &o, £ (use that J2 t Tr l b p = 
/V modp and /i p G 7)1 b)- If -E 1 = exp(X+ + . . . ) is the Artin-Hasse exponential 
then i?(AYi) = 1 + AI2 and we still have A — B\Y^\ (this is obvious if A ^ Oq and 
use that Y 1 G m(A), otherwise). If E(X p b ) = 1 + X p b' then b' G I Bo and Y 2 is a 
root of the unitary polynomial 

F = _ ^ 6 Bo[T] . 

This implies (use that rk B A = p and A = B[Y 2 }) that A = B[T]/(F). Therefore, 
for the augmented algebra A = B [T]/(F) we have I a = Ia <8>o O. 
The proposition is proved. □ 

Corollary 4.6.6. There is a fully faithful functor Qq : MF e s — > Gro smc/i Tj/iai 
/or any M G MF^, 0g o (A<) ®o O = £o(-^)- □ 

5. Group of classes of short exact sequences in Gr<> 

In this section we do not use that the ring O is obtained from the ring O by 
joining a p-th root of some uniformizing element of Oo- This will allow us to apply 
in n.6 the results of this section also to the category Gro with O replaced by Oo- 

For technical reasons we shall assume here that the residue field k = k is alge- 
braically closed and there is n* G O such that 7r* p_1 = —p. An element 77 G O 
will always be such that rj\p and there is an A G O such that A p_1 = 77. We set 
A = 7r*/A and 77 = A p_1 . In particular, 7777 = — p and AA = n*. 

5.1. The different and the trace. 

Suppose B G Alg , i.e. B is a flat finite O-algebra, and A is a faithfully flat 
finite S-algebra. 

Proposition 5.1.1. Suppose there is 9 G A such that A = B[6]. Then: 

a) there is a unique monic polynomial F G B[X] such that A = B[X]/(F) and 
e = XmodF; 

b) the ideal (F'(9)) does not depend on a choice of 9; 

c) Ak = A ®o K is etale over Bk if and only if F'(9) G A* K . 

Proof, a) follows because for any maximal ideal m in B dim B / mB (A/rm4) does not 
depend on m. 

b) Suppose A = B[Xi] and 9i = XimodFi, where F\{X) G -B[-Xi] is monic. 
Let G(X) G B[X], H{X 1 ) G B{X X ] be such that 9 X = G{9) and 9 = H(9 1 ). 
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Then H(G(X)) = XmodF(X) implies that H'(9 1 )G'{9) = lmodF'(0). In addi- 
tion, = OmodF(X) implies that F[(9 1 )G'(9) = OmodF'(#). Therefore, 
FKOt) G (F'(6)) and by symmetry F'{9) G (F{(9)). 

c) Ak is etale over Bk if and only if Q\ K / Bk = Q\/b ®o K = 0. It remains to 
notice that Q A/B = A/(F'(6))dX. □ 

Definition. With the above notation: 

a) V(A/B) = (F'(9)) is the different of A over B; 

b) if A K is etale over B K then we set V~ 1 {A/B) = F'(9)~ 1 A C 



Remark^. .1.2. The part a) of the above definition implies that the norm Na/b(F'(9)) 
is the discriminant of the B-algebra A. 

Let Tr^/s : A — > B be the trace map and let Tr a k /b k = Tta/b ®oK : — > 
B K . Suppose F(X) splits completely in A, i.e. there are 6> a , 1 ^ a ^ degF such 
that -F(^) = ria(^ ~~ ^a)- For 1 ^ a ^ degF introduce the O-algebra morphisms 
t a : A — > A such that t a (6>) = 9 a and t a \s = id. Clearly, for any a G A, 
Tr A /s(a) = Ea^( a )- 

Proposition 5.1.3. Suppose A = B[9], Ak is etale over Bk and F(X) splits 
completely over A. Then there is an a G V~ 1 (A/B) such that Tr y 4 Jf /s x (a) = 1. 

Proof. This follows from the case k = n — 1 of the following lemma. 

Lemma 5.1.4. If Xi, . . . , X n are independent variables over Q, ^ k ^ n — 1 and 

5 is the Kronecker symbol then 

n x k 

Proof. Consider the decomposition into a sum of simplest fractions in L(Xi), where 
L = Q(X 2 ,...,X„), 



Then multiplying this identity by n^iO^i ~~ -^j) an d substituting for 2 < j ^ n, 
Xi = X, we obtain 

^ = x > 



n^Xj - x.) 

It remains to substitute these formulas to (5.1.5). The lemma is proved. □ 
Remark 5.1.6. The above lemma implies that 

V~\A/B) = {a G A K | Tr Ajf/Bj » G B}. 
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5.2. Group schemes G^. 

Suppose G G Gro is of order p. Then by [TO, p. 14, Remark] there are 77,77 G O 
such that 7777 = -p and G ~ G x , where A(G^) = 0[^] with F- p - 77^ = 0. The 
counit ec- x '■ A(G X ) — > O and the comultiplication Aq x : A(G X ) — > A(G^) <E>o 
A(G^) are uniquely determined by the conditions eQ~(Y^) = and Aq~ (Y^) = 

<g> 1 + 1 <S> Y\ + V<fi(Y\) modp?). Notice, if 771, Ai G O, fji\p and 771 = A^ _1 then 
G^ is isomorphic to G^ iff rjfji 1 G O* (remind that k = k). 
Notice that: 

a) if 77 G O* then G^ is etale; in particular, if 77 = 1 then G^ = G^* is constant 
etale; 

b) if 77 G O* then G^ is multiplicative. In particular, Gi is isomorphic to the 
constant multiplicative group scheme \x v of order p given by the O-algebra A(p p ) = 
0[T], where T p = 1, e(T) = 1 and A(T) = T <g> T. This implies the existence 
of a polynomial P G 0[X] such that P(X) = ImodI 2 , (1 + P(Y 1 )) P = 1 and 

A Gl (1 + p(y)) = (1 + p(y)) <g> (1 + p(y)). 

c) there is a natural morphism of group schemes 5^ : — > Gi given by the 
O-algebra morphism 5~ : 0[Yi] — > 0[Y^] such that 5~(Yi) = AY^. If we use the 
above identification G\ ~ /j p then the corresponding morphism 5^ : G^ — > [i v is 
given by the correspondence T 1— > 1 + P(AY"^) with P G OLY] from above n.b); 

d) the set of all geometric points of G^ equals G^(O) = {g a \ a G F p }, where 
g a (Y^) = [a] A ([a] is the Teichmuller representative of a G ¥ p ). Then for any 
a G F p and 5^ : G^ — ► Gi from above n.c), S^(g a ) = ((a), where ((a) G O is the 
p-th root of unity uniquely determined by the congruence ((a) = 1 + [a]rr* mod 7r*7r. 

5.3. G^-torsors. 

Let £? G Alg . Then a G^-torsor over S is a finite faithfully flat S-algebra A G 
Alg with the action of G^ given by an O-algebra morphism uj : A — > A(G^) ®oA 
such that 

• uj o (id ®uj) = uj o (Aq x <E> id); 

• B = A g a = {a G A I uj(a) = 1 <g) a}; 

• the correspondence ai <g> a2 1— > a;(ai)(l ® 02) induces an identification of O- 
algebras A ® B A = A(G~ X ) <g> A. 

Suppose A\ is another G^-torsor over B with the G^-action given by uj\ : A\ — > 
A(G^)®A\. Then A and A\ are equivalent if there is an isomorphism of S-algebras 
v : A — > A\ such that v o uj\ = uj o (id®z/). 

The set E{G^,B) of equivalence classes of G^-torsors over B has a natural 
structure of abelian group given by the Baer composition *. Remind that A* A\ = 
(A ®b Ai) G ^ where G^ acts on A b Ai via the composition of the antidiagonal 
embedding into G^ x G^ and the component-wise action uj ® uj\ of G^ x G^ on 
A® B A 1 . 

5.4. Construction of G^-torsors. 

As earlier, B G Alg G and m(B) is the topological nilradical of B. 

29 



Denote by G m x the formal group functor such that if B is an O-algebra then 
G m X (B) = (1 + (AS fl m(B)) x . If A = 1 we shall use also the usual notation G m 
for G TO> i. 

Suppose 1 + X p b G G m XP (B). Let A be the quotient of the polynomial ring B[X] 

by the ideal generated by the monic polynomial Fb(X) = A _p ((l + XX) P — 1) — b. 
Denote the image of X in A by b , then A = B[0b] is a faithfully flat S-algebra. 

For a G F p , there is a unique O-algebra isomorphism t a : A — > A such that 
t a \s — id and 

(5.4.1) t a : 1 + X0 b ^ (1 + XO b )((a), 

where ((a) is the p-th root of unity such that ((a) = 1 + [a]iT* mod tt*tt. Indeed, the 
correspondence (5.4.1) determines a unique K-algebra automorphism t a K '■ Ax — > 
Ak, where Ak = A ®o K, and clearly t a (A) C A (use that A|?r*). 

Proposition 5.4.2. a) There is a unique action ofG x on A given by the O -algebra 
homomorphism u : A — > A(G X ) ®o A such that for any a G ¥ p , u> o (g a <g> 1) = t a , 
where g a G G x (0) were defined in 5.2 d), and this action determines on A a 
structure of G x -torsor over B; 

b) the correspondence 1 + X p b h- > A = B[0 b ] determines a group epimomorphism 
k : G m> (S) — E(G~ X , B) and Ker « = G to> *(B)p. 

Proof. Notice that for any a G F p , g a {l + P(XY X )) = C( a )- Therefore, the only 
candidate for such action of must satisfy the following requirement 

(5.4.3) u : 1 + X0 b i-> (1 + P(XY- X )) ® (1 + ~X0 b ). 

Clearly, this requirement determines a unique O-algebra homomorphism io : A — > 

A(G~ X ) ® A. 

Let G x K = G x ®oK. Prove that ujk := oj ® K defines a K -torsor over 
B K = B® K. 

Notice that S x ® K determines the identification G^ K = fi Pj K = [i p ® K. Then 
u>k(1 + X0 b ) = T <S> (1 + X0 b ), where A(n Pt x) = K(T) with the comultiplication 
A(T) = T <g> T. Therefore, u K ® (id ®u K ) =u) K ®{&® id), i.e. G~ XK acts on Ax- 
Similarly, A^' K = Bk, and the correspondence a± <8> a2 i— > (°i)(l ® ^2) gives an 
isomorphism £x of K-algebras ®s K Ak and A(// P) ^) ®k 

Therefore, to o (id (go;) = cj o (Aq x <8> id), because A C amd ujk maps A 
into A(G X ) <g> A. We have also that A G ^ = {A^' K ) n A = B K n A = B. Finally, 
£k induces an embedding of O-algebras £ : A <S>b A — > A(G X ) ®o A such that 
£ 1 1® A = id. Now notice that 

V(A®b A/1 ®A) = V(A/B) = (77) = V(A{G x )/0) = V{A{G X ) ®o A/1 <g> A). 

(Use that A is a faithfully flat £?- and O-algebra, Fl(O b ) = 77(1 + A6>b) p_1 and 
(1 + X0 b ) p = 1 + X p b G B* .) Therefore, the discriminants of both (1 <g> A)-algebras, 
A®b A and A(G X ) <S>o A are equal, and the embedding £ is an isomorphism. The 
part a) is proved. 
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One can see easily that the map k from the part b) of our proposition is a 
group homomorphism and its kernel is G m X (B) P - It remains to prove that k is 
epimorphic. 

Suppose A G E(Gfj,B). 

First, prove that we can use the concept of the differente for the S-algebra A 
We need the following properties: 

1) there is an G A such that A = B[9}; 

2) A K is etale over B K ; 

3) V(A/B) = (if) and, therefore, is an invertible ideal of A in A K . 

Indeed, we know that Bi = B / m(B) is a product of finitely many copies of 
k. Therefore, the i?i-algebra Ai = A/ m(B)A can be provided with augmentation 
(use that k is algebraicly closed). This implies that E(G X ®k, B{) = and Ai = 
AiG^^Bt) = A(G X ) <g> B t = So, by the Nakayama Lemma, A = B[6], 

where 9 G A is such that 9modm(B)A = Y x . The identification A% A = 
A(G x )®oA implies that Ak®b k Ak is etale 1® A^-algebra (because A{G~ X )®K is 
etale over K) and by faithful flatness Ak is etale over Bk- Finally, T>(A/B) ®bA = 
V{A(G~ x )/0) ® A= (rjA) <g> B A implies by faithful flatness that V(A/B) = (77). 

Next, prove the existence of v G G m X (A) such that ou(v) = T <g> v, where T = 
l + P(~\Ya) G A(Gj), cf. 5.2. 

1st case. AGO*. 

In this case A(G~ X ) ~ A(fi p ) = 0[T], e(T) = 1 and A(T) =T®T. We know 
that Amodm(S)A = 0[T] ® where B x = B/m(B). Let 9 E A be such 
that mod m(B)A = T <g> 1, then 0=1 mod m( A) and u{9) = T ® 9 mod m(B) A 

Therefore, if w(0) = ^ T' ® G A(/i p ) <g) A then a x = 0modm(S)A and, 
therefore, a x = 1 modm(i). On the other hand, 

(wo (id®u;))(0) = J^T* ®w(a,) = (A ® id)(a;(0)) = J^T* ® T l <g> a, 

i i 

implies that cu(ai) = T <g> ai and we can take u = ai. 
2nd case. A ^ O* , i.e. 77 = -prj' 1 O*. 

By Proposition 5.1.3 we can choose 9 G A such that Tr^/^ = rj. Clearly, ^ B, 
otherwise, rj = Omodp and fj G O* . Then there is 1 ^ m < p such that 

Vl = J2 c(«) m t a (0) ^ o. 

aeF p 

Indeed, otherwise, for all 1 ^ m < p, J2 a C( a ) rn (ia(9) — 0) = and this implies 
that for all a G ¥ p , t a (9) = 0, i.e. 9 e B. 

Let (1 + P(~\Y x )) m = 1 + Xh, h G A(G X ). Then for all a G F p , 

o Q (l + Xh) = ((a) m = e G - (1 + At a (/i)). 
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(In this situation t a : A(G X ) — >■ A(G X ) is just the shift by g a G G x (0).) Then by 
Proposition 5.1.3 

v 1 -rj = X(e Gx <g> id) ^£ Q (/i) <g> t a (6) = A(e G . <g> id) Tr(/i <g> 0) G \r]A, 

a 

where Tr is the trace map on A(G X ) <S> A induced by the diagonal action of G^. So, 
v\ = 77(1 + Aai) with a± E A and for any a G F p , £ Q (1 + Aai) = C(a) m (l + Aai). 

The required element w then can be obtained by taking m'-th power of 1 + Aai, 
where mm' = 1 mod p. The second case is also considered. 

Finally, for the above constructed element v, we have v p = 1 + X p b G G m ^ P (-B) 
and the corresponding G^-torsor G ^(G^, £?) is identified with a S-subalgebra 

A' in A. But the differentes V(A/B) and V(A'/B) are both equal to (7/). Therefore, 
the discriminants of A and A' over £? are equal and A = A'. The proposition is 
proved. □ 

5.5. Suppose H = SpecS is a finite flat commutative group scheme over O 
with the counut e and the co multiplication A. Denote by Ext (if, G x ) the group of 
equivalence classes of short exact sequences — ► G^ — > G — > H — > in the 
category Gr' Q of commutative finite flat group schemes over O. (Notice that we do 
not assume that H and G belong to Gro, i.e. are killed by p.) 

Definition, a) Z 2 (H, G m x ) is the group of all symmetric (with respect to the 
permutation of factors in B <g> B) e G G m \ {Ib®b) such that 

(A <g> id B )(e) • (e ® 1) = (ids <g>A)(e) • (1 <g> e). 

b) B 2 (H,G m x ) is the multiplicative group of all elements of the form 5 x a := 
A(a)(a ® a) -1 , where a G G m ^(/b). 

Then B 2 (H,G mX ) is a subgroup in Z 2 (#,G mX ) and we set H 2 (H,G mX ) = 
Z\H,G mrx )/B 2 (H,G mrx ). 

If e G Z 2 (H, G mX ) then e p G Z 2 (H, G m XP ) and the correspondence £ h-> e p 
induces the group homomorphism JF : # 2 (#, G m x ) — ► i^ 2 (i^, G m XP ). 

Definition. H 2 (H, G m - x ) p := Ker T. 

Proposition 5.5.1. There is a functorial in H group isomorphism 

Ext(H,G x ) = H 2 (H,G mrx ) p . 

Proof. Suppose G G Ext(if, G^). Then A = A(G) is provided with a natural action 
of G^ C G and with respect of this action A becomes an element of the group of 
torsors E(B,G~ X ). 

By Proposition 5.4.2, A = B[9], where for v = 1 + A/9 G G m jX (Ia), it holds 

v p = 1 + X p bo G G m ^ p (/s) (use the existence of counit ec '■ A — ► O). Then 

A G | B = A and A G (1 + A6>) = (l + \6)®(l + \6)e, where s G G ^(Ibqb) (use that 
Aq relates the actions of G^ and G^ x G^ via the composition G^ x G^ — > G x ) 
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and, in addition, e G Z 2 {H, G m ^) (use the coassociativity and commutavity of Ac 
and the existence of counit ec)- 

The above v G G m ^(/^) is well-defined modulo the subgroup G m ^(/s), this 
implies that G depends only on the class cl(e) G H 2 (H, G m ^) of e. (If we change 
v by vex with a G G m ^(/g), then £ will be changed by e5 x a.) Clearly, e p G 

B 2 (H, G m and, therefore, we have the map IT : Ext(H, G^) — ► H 2 (H, G m ^) p . 
Then a straightforward verification shows that IT is a group isomorphism. □ 

Now suppose that H G Gro and denote by ExtQr (H, G\) the subgroup of 
extensions G G Ext(if, G^) such that G G Gro- Consider the map 

5- M :Ext(#,G x ) — Ext(tf,// P ), 

where 5^ : G^ — > /U p is the morphism from 5.2.1 c). Let O be the valuation ring 
of an algebraic closure K of K. Clearly, for any G G Ext(i7, /j, p ), 

G G Gro ^ (^* G ) ® O G Ext G r // P ). 

(Here H = H ®o O and // p = \i p ®o O) . 
Lemma 5.5.2. ExtG r<5 {H, fl p ) = 0. 

Proof. By the Cartier duality we must prove that ExtQr ((Z/p)q, _£/" d ) = 0, where 
H D is the Cartier dual for H and (Z/p)q is the constant group scheme of order p 
over O. Equivalently, we must prove that in the category Gro any faithfully flat 
morphism 7 : G — > (Z/p)q has a section 7 : (Z/p)q — > G. 

Consider the O-algebra C = A{{Z/p)q) = ®i e z/ p O0i, where for any i G ¥ p = 
(Z/p)q(0) : 9i is its characteristic function. Notice that Y^i^i = 1- m these terms 
the corresponding counit ec and the comultiplication Ac are defined as follows: 
e c (9 ) = 1, e c {9i) = if i ^ 0, and for all i, A c (0i) = E jl+J2= ^i ® Fix 
a section s : F p — > G(0) of the map induced by 7 on geometric points of G and 
(Z/p)q. (Such section exists because G is killed by p.) Prove that the section 7 
of 7 can be defined by the O-linear morphism 7* : A(G) — >■ C such that for any 

aeA(G),r(a) = Yi^(i))0i- 

Clearly, 7* is a morphism of O-algebras and 7*|c = idc- It remains to verify 
that 7* is compatible with the comultiplications A on A(H D ) and Ac on C. Let 
a G A(H D ). Then 

A c (7») = A o (X>( a (i))0i) = ^ a(«( Jl + j 2 ))^ ® ^ 2 
» ii ,J2 

= £ A(a)( S (j 1 ), S 2 ))% 1 ® ia = (7* ® 7*)(A(a)). 

The lemma is proved. □ 

So, the elements of ExtQr {H, G^) are described via the classes cl(e) G H 2 {H, G m ^) 

such that 6~x*( £ ) ®o <5 G B 2 {H, G m ). We can state this result in the following form. 
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Proposition 5.5.3. Let H G Gro, B = A(H), B = B®oO. LetH be the subgroup 
ofG m (Ig) consisting of f G 1 + m(/g) swc/i t/iat 

«) / p eG m> (J B ); 

/3) * x /=A(/)(/®/)- 1 GG m>x (W). 

T/ien t/iere zs a group epimorphism : — >■ ExtQro G^) swc/i i/iai /or 
f <E H, ©(/) = Spec A G Gro wi/i £/ie counit e and the comultiplication A sitc/i 
that: 

1) A = B[X], where X~ p ((1 + AX) P - = 0; 

2) e(X) = 0; 

3) 1 + AA(X) = [(1 + XX) <g> (1 + AX)] • 5 X /. □ 

Consider m(/g) = 7g n m(B) with the Lubin-Tate addition, cf. 4.5. For any 
/ G m(I B ), set 

<5 LT (/) = [A(/)] - [/® 1] - [1 ® /] G m(J S8S ). 

Then the above proposition can be stated in the following equivalent form. 

Proposition 5.5.4. Let Hut C m(/g) be the subgroup (with respect to the Lubin- 
Tate addition) of f G m(/^) swc/i that 

«lt) [p](/)g>I b ; 

/3lt) Sur(f) G \Ib®b- 

Then there is a group epimorphism ©lt : ^lt — ► Extcr (-^? G^) swc/i that 
V/ G 1~Lu£) ©lt(/) = ®(E(f))> where E is the Artin-Hasse exponential. □ 

Notice that this proposition is obtained from proposition 5.5.3 just by applying 
the Lubin-Tate logarithm. As a matter of fact this is a first (though completely 
trivial) step towards relating the multiplicative structures in the description of 
extensions from Extcr (H, G^) in this section with additive constructions of the 
algebra and coalgebra structures of group schemes from ImQo m Sections 2 and 3. 

6. Calculations in the O-algebra oi H £ Im Qq . 

In this section we use earlier notation and assumptions about S, O, Oo, t, n, tvq. 

6.1. Reminder and the statement of the Main Lemma. 
Remind earlier notation and agreements: 

• J\f G MF|, H = GoW; B = A(H) is the O-algebra of H given in notation of 
n.3.2 as 0[Xi,...,X u ] with the equations Xf — Vi^j -^j c ji = 0, 1 ^ % ^ u. 
Here (cij) G GL u (0), all rji G Oo and r\i\p. The comultiplication of H ap- 
pears as a unique O-algebra morphism A from B to B £g>o B such that A(JQ) = 
X\ ® 1 + 1 ® Xi + where all j t G Jb C Ib®b- Here the ideal Jb is generated by 
the elements f\iX\ <g> Xf _r , where 1 ^ i ^ it, < r < p and r/j = —p/rji. 

• i will be always an index such that 1 ^ i ^ u; i will be always a multi-index 
(ii, . . . , i u ), where ^ ii, . . . , i u < p; an index i can be considered as a special case 
of the multi-index (Sn, . . . , <^ u ), where 5 is the Kronecker symbol; r(z) = + . . .+i u ; 
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• O = Ok, m is the maximal ideal in O; B = B ®o O, I§ = Is ®o O, 

Jb = Jb ®o O; 

• we use the generators Xi, . . . , X u for B and the generators X\ <E> 1,..., 
X u <S> 1, 1 <S> Xi, . . . , 1 <g) X M for £? ® £? to define for any a G O, the ideals I§( a ) 
and /^^^(ct) in the same way as we defined in 3.3 for a G O, the ideals Ib{ol) and 
Ib®b(o:). We set for any a G 0, Is (a) = I si ) H -B and similarly, Ib®b{oi) = 
I B ®B(a)r)(B®B); 

• any element of S can be uniquely written as an O-linear combination of all 
X 1 = X} 1 . . . JQ" with all multi-indices i. Similarly, any element of B ® S can be 
uniquely written as an O-linear combination of all X 1 * ® X-* with multi-indices 
i 1? i 2 . We shall use the following obvious property for £? (and its analogue for 
B® B): 

6.1.1) if a Eta, all Cj, D,6 and ^ C^X 1 = ^ DjJ^mod /g(a) t/ien for all 

i i 

i, CiX 1 - = A^mod/s(a). 

• in this section we calculate in m(/g) and m.(Ig^g), which are provided with 
the Lubin-Tate addition cf. 4.5; one must bear in mind the following agreement: if 
say, a G Ig and it appears in the form [a] then a must be always considered as an 
element of m(/g); 

• as earlier, we introduce O' = 0[tt'], where tt' p = 7r; all appropriate extensions 
of scalars from O to O' will have the dashed notation, eg. B' = B ®o O' , Ib 1 , Jb 1 
and so on. 

Main Lemma. Suppose A G O, \ p ~ l \p. Suppose f G m(/g) and 5lt(/) G \Ib®b- 
Then there are 
-foe XI Bi 

— for all i and ^ I < p, o' u G 7r /Z 0; 

— /or all i, D^E O 

such that all o'£ G AO, DiXi G Ib(p) an d 



(6.1.2) / = [/ ] + £ [o^] + £ [AX 4 ] + 

The Main Lemma will be proved in subsections 6.2-6.6 below. 

Remark. We need this lemma to study the extensions G G Extcr {H, G\)- By 
Proposition 5.5.4 such extensions appear from elements / G Hlt satisfying the 
conditions of our lemma. On the other hand, we expect that the O-algebra A(G) 
can be obtained (at least over O') via the special construction from Section 3. The 
Main Lemma shows that we can replace / by [/] — [/ ] , which gives rise to the same 
extension G. Then in Section 7 we show that these special elements from Hlt give 
rise to special extensions constructed in Section 3. 



P 



E 

r(£)>2 



DiX 1 



modp Ig- 



6.2. Auxiliary lemmas. 



35 



Lemma 6.2.1. Suppose C\, . . . ,C U G O, g G m(I B ), and there is (3q G m such 
that g = Y2i[CiXi] modl^(Po). Then there are C[ G O such that: 

a) g = EJCM + [E P (i)>2 CiX*- 

b) /or all 1 ^ i ^ u, it holds CiXi = C^Xj mod I b ((3q); 

c) /or a// multi-indices i with r(i) ^ 2, z£ /io£ds Cj'X 1 G I b ((3q). 

Proof. Because o G m(/g) there is cto G m such that g G /^(cto) and we can assume 
that I B (cto) ^ Ib(Po)- Then all CiXi G /^(cko). Suppose /5 G m, /3o 1/3 and the 
statement of our lemma is proved modulo I B ((3). (We can start with (3 = (3q.) 
Then g = J2i[CiX L ] + [a], where a G I b((3)- It is easy to show that such a can be 
written as a = £V D^X-, where all D^<E O and D^X- G Is ((3)- This implies that 
a = EJ-^i^ 1 ] modi"^/^) and for all multi-indices i, 

[q^i] + [DiX*] = [(Cl + DjXl] mod/s(/3ar 1 ). 

This proves our lemma modulo Ib{(3qlq~ 1 ) and the proof can be finished by repeat- 
ing this procedure. □ 

Lemma 6.2.2. Suppose ^ / < p, o'^o^ G 7t' l O, o'f,o 2 p G AO. Then for any 
a G Ib, there is b G Ib such that 

[o[a] + [o' 2 a] = [(oi + o' 2 )a] + [Aft]. 

Proof. Just apply 4.5.1) and use that for n ^ 1, n (o' 1 , o' 2 ) G O fl AO' = AO. □ 

Lemma 6.2.3. Suppose 1 ^ z ^ u, d G O' and o /p G AO. TTien i/iere is 
a>i G 5«c/i that 8ur[o'Xi] = [o'ji] + [Aa*]. 

Proo/. o"lt(^) = [</(Xi 1 + 1® X, + ji)] - [o'{Xi ® 1)] - [o'(l <g) X,)] 
= [o'CXi 01 + 1® X,)] + [o'ji] - ^[o /p > n (X, + XiJi)] 

-[o'(Xi 1 + 1® Xi)} - J2lo' pn MX* = [o^'i] + [M], 

with some G Ib^b because o' p G AO if n ^ 1. □ 

Definition. If a,/3 G O then I B (a 7 f3) = I B (a) if ct|/3 and I B {a,f3) = I B (f3) if 
(So, I B (a,f3) = I B (a) +Jg (/?).) Similarly, define the ideals I B ^ B (a, (3). 

Lemma 6.2.4. Suppose CXi G /|j(a), where C G O and a G m. T/ien 

a) o L t(OX,) = -[0^(X l )]mod/^s(aP 2 ,^); 

b) if a = p then Sur(CXi) = 

[C J% ] - [C^iXi)} - [C*<t>{Xi ® 1 + 1 <g> XiJi)] mod(pI mB J B +p 2 I B ® B ), 
in particular, 5ur(CXi) G J B +pIb®b- 
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Proof. First, notice that 

SMCX,) = [C(Xi ® 1 + 1 <g> X t + ji)] - [CX t <g> 1] - [1 <g> CX t ] 

= [C(X t <g> 1 + 1 <g> X,)] + [Cft] - [C^(X, + XtJi)] 
- Y,\C pn K(X % 01 + 1® Xi,ji)] - [C(Xi 1 + 1® X t )] 

-[cr^Xi)] - YP^KiXi ® i, i ® x t )]. 

In the case a), the condition CXi G /5(a) implies that all terms from the above 

2 

both sums belong to I B( ^ )B {o p )• It remains to note that C p <f>{Xi 1 + 1® X^ji) 
and Cji belong to I B ® B (p p ), because ji G I B(g)B {p p )- 
In the case b), CXi G I B (p) implies that for all n ^ 2, 

Indeed, n is homogeneous of degree p n and is a linear combination of terms 
X- 1 <S> X* 2 with si + s 2 = p n . If n ^ 2 then we can apply to any such term 
at least p — 1 times the relation C p Xf G pig. 

For n ^ 2, we have also that 

C p > n (X, ®1 + 1® X i} ji) G pI B(g>B J B - 

Indeed, we can use that jf G pJ B and that for s > p n — p ^ 2p, the elements 
C s (Xi ® 1 + 1 ® Xi) s belong to pI B ® B - The lemma is proved. □ 

Lemma 6.2.5. If a Em. and for all i with r(i) > 2, it holds Ci_X L G I B (a p ) then 

5 lt (^q^ 1 ) =Y^C L A lT Xl' ®Xl"mod(l B ® B (a p2 ) + I B0B J B ) , 

\ i / i i'+i"=i 

where r(f),r(j") > and all coefficients Ayy/ G Z*. 

Proof. Notice that the Lubin-Tate group law on I B ^ B (a p ) can be replaced modulo 

2 

I B B (a p ) by the usual addition. Then use that for any multi-index i with r(i) ^ 2, 
it holds A(X 1 -) = (X x <g> 1 + 1 <g> Xi) 11 . . . (X s <g> 1 + 1 <g> X s ) ls mod Jg, wh ere 
all appropriate binomial coefficients are prime to p. This implies the statement of 
our lemma. □ 

Remark 6.2.6. Notice that we've just proved that 5 + CiX^j (where r(i) ^ 2) 

is congruent modulo the ideal I B ® B J B to the right-hand side of the formula from 
above Lemma 6.2.5 . 
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6.3. Step 1. 

Suppose a G m, a\p is such that the statement of the Main Lemma holds modulo 
I B (a p ) with all D { Xi G I 3(0), i.e. 

(6.3.1) / = [f a ] + Y}°'u X i\ + Y} D ^ mod/^K), 

i,l i 

where all DiXi G /5(a), / Q G A/b and all o' u G 7r''0 are such that o'£ G AO. Such 
a always exists, e.g. we can take a = a^ p , where «o G m is such that / G I B (ao). 

2 

We are going to prove a similar congruence modulo the smaller ideal I B {ct p , p p ). 
Apply Lemma 6.2.1 to g = [f] — [f a ] — Yli iWuXi] an d Po = ol p . Then 

/ = IU] + Y,i,i[°'ii x i] + EiiCiXi] + [Z^^O^], wh ^e all Q G O, for all 
1 < i < it, it holds C^Xj = DjXj mod/g(a; p ) (and therefore all O^Xj G /5(a)) and 
for all i with r(i) ^ 2, it holds G I B (a p ). 

2 

Now apply Lemmas 6.2.3-6.2.5 and notice that J B C I B ® B (a: p >P P )- Then the 
condition Sur(f) G \Ib®b implies that 

-^Cf0prO+ £ q J] A jJf Xl ®Xl' e~XI B ^BmodI mB (a p \p p ). 

r(2)>2 3'+l"=i 

Notice that all monomials in the both above sums are different and belong to 
<p [Xi (g) 1, . . . , X u <g) 1, 1 <g) X u . . . , 1 <g) X u ]. Due to Remark 6.1.1 this implies the 
following two facts: 

2 ~ 

1) for all 1 < % < u, Cf(p(Xi) = Oi<p(Xi) modI B ^ B {a p , p p ), where Oj G AO; 

2) if r(i) ^ 2 then = o^mod i" s (a p2 , p p ), where o t _ G AO. 

The first fact implies that (Of — Oi) p r] p = Omod(a p2 ,/) and, therefore, 

(Of - 0^)^ = Omod(a p ,p). 

Decompose each Oj in the form Oj = c/ /p modpA, where for all ^ I < p, 

o^Kp 

o'l x G n' l O. Notice that all o p G AO. Then (Of - ^o" p )^ = Omod(a p ,p) or, 

I 

equivalent ly, 

1 

Notice that also all C t Xi, o'^Xi G I B (a). Let ^ o" t = o\. Then there are C-j, C-j G 
O such that by 4.5 a), 



[CiXi 



[o'iXi 



[{Ci - o'^Xi] + [0(O i; -</,)Xf] = £)[C^] mod JsKV) 
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(use that Xf is a linear combination of X 3 , 1 ^ j ^ -u, and that all terms in the 
middle and in the right hand side belong to I B (a p ,p)) and for similar reasons 

WiXt) = J2K X i] + ™dI B (a p \p p ), 
l j 

where all C'^X^CfjXj G I B (a p ,p). This gives, finally, that 

i i,l i 

where all D \ G O and D' l X l G I B (a p ,p). 

The fact 2) means that with Xf = J2 r (i)^2 °iX~ e XI b, it holds 

£ CiXi = \f'mo&lB(cP\i?). 

By Lemma 6.2.4 there is /" G A/b such that 

/ = [/"] + + cfli)Xi\ + Y} D 'i X i\ mod/sK 2 ,^) 

2 

and we obtained an analogue of (6.3.1) modulo I B (a p ? P p ) with all D^Xi G I B (a p , p). 

2 2 

If I B (a p -:P P ) = Ij3( aP ) repeat this step with a replaced by a p . Then in finitely 

2 

many steps we obtain that I B {ot p , p p ) = I B {p p ). This means that we proved an 
analogue of formula (6.3.1) modulo I B (p p ) (with all DiXi G I B (p)). 

6.4. Step 2. 

Suppose a G O is such that p|a and suppose 



(6.4.1) / = [/ Q ] + Yfp'aXi] + £[A*i] mod (I s (a p ) +pI B ) , 

i,Z i 

where as earlier, f a G A/b, for all z and ^ I < p, o' a G 7r' z O, G AO, Di E O 
and DiXi G Ib(p)- This congruence holds for a = p by results of n.6.3. 

2 

Prove that there is a similar congruence modulo I B (a p ) +pI B . 
Apply Lemma 6.2.1. Then 



/ = [/«] + £ [<4*i] + £[a*i] + 



r(i)>2 



mod pig, 



where all Cj G O, CjXj = DiXi modI B (p) and all terms from the last sum belong 
to I B (a p ). Apply Lemmas 6.2.3-6.2.5. Then 



(6.4.2) 

r(/),r(y')>0 



A 3 i 3 nX 3 - ®X°- G \Ib(Z>b mod 



B&B 



B®B + Ib®B 



>K 2 )) • 
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Lemma 6.4.3. Suppose ^ ci^X^ <g> X l2 G <p [Xi ® 1, . . . , 1 <g) X w ] belongs to 

2.1 >2.2 

i7g. if multi-indices i^, 1° are s«c/i t/iat t/ie iota/ degree of the monomial X-i ®X-2 
/ess than p in each variable Xi, . . . , X u then a^o G pO. 

Proof. The elements of J7g are O-linear combinations of the terms 
fji{Xl ® Xf _r )6, where 1 ^ i ^ u, 1 ^ r < p and 6 is a monomial of the form 
X-i ® X-2. Such product makes a non-zero contribution to a^o only if its total 
degree in Xi will become < p. This will be a chance only if Xf appears in a left or 
right side of this tensor product. It remains to notice that fjiXf G pis- □ 

The above lemma together with relation (6.4.2) implies that for any i with 
r(i) ^ 2, there is an Oj G AOi such that Ci_X- = Oj^mod ^s(a p2 ) + pl^j- 
Therefore, 

/ = iw + 1>m + mod ( J 5(« p2 ) > 



where / QP G A/ B is such that [f a ] - ^Y.i°i xi = t/« p J 

6.5. Step 3. 

By repeating the procedure from n.6.4 sufficiently many times we shall obtain 

(6.5.1) / = Lf ] + Yy«Xi] + Y^i D i x i] + \pg], 

i,l i 

where its ingredients /o, o' u and Di satify the requirements of the Main Lemma. 

Let g = J2i AiX L with all Ai_ G O. It remains to prove that we can get rid of all 
linear terms AiXi in (/mod pig. 

Notice that for all indices 1 ^ i ^ u, 

[QX,] + \pAiXi] = [(d+pAiW + MdtpAjXf] modp 2 I B , 

because for n ^ 2, <fi n (Ci,pAi)Xf = Omodp 2 (use that Cf ~ X Xf is divisible by 
CfXf Eplg)- Notice also that 

MCitpAjX? = -pCf-'AiXf^pY^CijXjmodpils, 

j 

where all G O are divisible by Cf~ 1 n i = Omodp 1_1 / p , because Cfry^ = Omodp. 
This implies that 

E[CM + I>^] = 

EJ(Ci+M i )^]+E i) >Cy^] = E, [(Ci + pAi + pZjCjjXi] modp 2 - 1 /^. 

This relation implies an analogue of formula (6.5.1) with Di replaced by Ci +pAi + 
P^2j Cji and where g = Er(i)>2 AiX^modp 1-1 ^^. Repeating this step one time 
more we shall get a similar congruence for g modulo pig, i-e. that a new g will not 
contain linear terms A^Xi modulo pig. 
The Main Lemma is proved. □ 

6.6. Application of the Main Lemma. 
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Proposition 6.6.1. Suppose f G m(/g) satisfies the assumptions of the Main 
Lemma and is given by the corresponding formula (6.1.2). Then for 1 ^ i ^ u, 
there are Oi G AO such that 

y^(-Dr + ^2 °'rl)Vidir - D P = Oi mod pfji. 

r O^Kp 

Proof. Via Lemmas 6.2.3-6.2.5 the condition Sur(f) G \Ib®b implies that 
(6.6.2) 

E (j2l°rljr] + [D r jr] ~ [D P r <t>(X r )} - [D^{X r ® 1 + 1 <g> X r , >)] ^ + \pS+ g ] 

belongs to \Ib®b modulo pIb®b3b+P 2 Ib®b- We are going to follow the coefficient 
for 4>{Xi) in this formula written as an element of <p [Xi <g> 1, . . . , 1 <g> X u ]. 

Lemma 6.6.3. Elements from the ideal Ib®b~3b contain the monomials 
X\ ® Xf ~ J , where 1 ^ i ^ u and 1 ^ j < p, with coefficients divisible by p. 

Proof of lemma. It is quite similar to the proof of Lemma 6.4.2. □ 

Now the proof of our Proposition 6.6.1 can be finished as follows: 

- working with formula (6.6.2) modulo the ideal 1 b®b{p 2p ) we can fi n d the 
coefficient for 4>(Xi) modulo pfji. Indeed, if C<p(Xi) G Ib^b(p 2p ) then C p r) P = 
0modp 2p and C = Omodp^; 

- if we take relation (6.6.2) modulo Ib®b(p 2p ) we can replace the Lubin-Tate 
group law by the usual addition, because all terms belong to Ib®b(p p )'i 

- the term pd + go gives the zero contribution to the coefficient for 4>(Xi) modulo 
p 2 , because of Remark 6.2.6 and above Lemma 6.6.3; 

- the term DP(p(X r <g> 1 + 1 <S>X r , j r ) gives the zero contribution to the coefficient 
for 4>(Xi) modulo pfji (apply similar arguments as in the proof of Proposition 3.5.1); 

- finally, use Proposition 3.5.1 to find out that the coefficient for (p(Xi) in (6.6.2) 
coincides modulo pfji with the left-hand side of the formula from our proposition. 

The proposition is proved. □ 

7. Epimorphic property of Qq o . 

In this section we use the notation and assumptions about and O from n.4. 
As in Section 6 we use O' = 0[tt'] where n' p = tt. We are going to prove that for 
any Go G Gro there is an M. G MF e s such that Go = Go or, equivalently, 
G := Go <S>o O = Go(-M). Notice that by the Tate-Oort classification of group 
schemes of order p, [TO], this is true for group schemes of order p. Therefore, we 
can assume that the order |G | of G is bigger than p and the above property holds 
for all Hq G Gro such that \H \ < \Gq\. 

7.1. By results of Section 4 we can replace Oo by the valuation ring of sufficiently 
large tamely ramified extension of Kq. Therefore, we can assume the existence of 
A G Oo such that fj := A p_1 divides p and if r\ = —p/fj then Go G ExtQr (-^o? Go^). 
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Here H = SpecB G Gr 0o and G ^ = G% (M§), where Ms G MF e s and k S o(§ p ) = 
fj mod p. By inductive assumption there is Af G MF| such that H = Qq {M), 
where J\f G MF|. 

We assume that the structure of A/" as an object of the category MF e s as well 
as the structure of the coalgebra B = B ®o O are given in notation from n.3.2. 
By enlarging (if necessary) the residue field k we can assume that A and all fj i: 
1 ^ % ^ u, are just powers of the uniformising element tvq of Oq. 

Let / G m(/g) be such that Go = ©lt(/), cf. 5.5.4. Notice that / is defined 
modulo XI b n m (-^B ) ( w ith respect to the Lubin-Tate addition) and satisfies the 
requirements 

(7.1.1) 6 LT (f)e\l Bo(B)Bo , \p](f)e\ p l Bo . 

Apply the Main Lemma from Section 6 to /. Then there is fo G m(is) n XI b 
such that 

[/I = [fo] + E + E [DiXjmodplB, 

where all o' u G 7r'*0 C O' , o'£ G AO, A G O and G i#(p). By Proposition 

6.6.1 for all i, 

(7.1.2) E (A- + E ri)Vid ir - D\ = Oi mod pfji, 

where all Oi G AO. Notice that [fi] := [f] — [fo] corresponds to G G ExtGr (-^ G v ) 
under the map ©lt from 5.5.4. Also notice that congruences (7.1.2) imply that all 
Oi G fjiO (use that Df = Omod?); because DiXi G Ig(p)). 

For 1 < i ^ u and < I < p, introduce o" t G tt' 1 C O' such that 

°* = E°^ mod ^- 

Clearly, all c/ ; p G AO fl ?)iO. Set on := o' u — o'^. 

Proposition 7.1.3. There is h G XI b H swc/i i/mi /or [/'] = [fi] — [h], it 

holds 

Ilt(F') = ~ E + E Woii-^i) mod/ji^. 

Proof. Proceed with the following computation modulo pig. 

Z LT (E[A^]) = E IMDiXi) = E (A*< + D P Xf/p) 

it i 
n Y p 1 

= E A^i - E — + - E( °r + E °rl)fc*r*f = 
i i ^ ^ i,r I 
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i,l i i,l i,l 

(Use that DiXi e I sip) and 52 i fjid ir Xf = 52i VidirVi 52j x j c ji = ~P X r-) 
Therefore, 

/ LT (/i) = - J2 °« X * + Y l M[o'uXi] - WllXi]) modpI B . 

i,l i,l 

Now note that for all i and /, [o^Xj] — [o^Xj] — [o^Xj] = [hu], where 

h u = J2 [xfMo'u, o'd)] e \i B n i B ( P ). 

Indeed by Lemma 6.2.2, all hu £ XI B and notice that for all n ^ 1, <$> n {o' ih o u ) = 
Omodo-' z (because <f> n (X, 0) = 0) and o^Xj e (because o[f = Omod^). 

So, if [/i] = Xl^J^ii] then ^ e H and 

Ilt(I') = /lt([/i] - 5>«D = " E 0iiXi + E Zlt ^^) modp/ g . 
The proposition is proved. □ 

7.2. Let [g] = []'] - 52 ij i[o i iX i ]. Remind that B' = B ® Q O' with the augmen- 
tation ideal I B > = Ib ®o O' and Jb' = Jb ®o O' . 

Proposition 7.2.1. 

a) \p](g) = -p52i,i u x i mo dp 2 lB>; 

b) 5 hT (g) e \ x lvj B , + p Ib>®b>. 

Proof, a) In the notation from the proof of proposition 7.1.3 it holds 



[9} = [/' ]-J2[oaXi] = m-^WaXi]+EK*i] = e I B ,(p). 

i,l i,l i,l i i,l 

(Use that [p](fi) G X P I B .) Therefore, [p](g) = [g p ] + [pg] = 0modpI B > and 
lirr(\p\g) = [p]g m od p 2 1 B >. So, by Proposition 7.1.3 it holds 

lisr{\p]g) =plur{g) = -pY°ii X i ul °dp 2l B'- 

i,l 

b) As earlier, let S + = A - id <g>l - 1 <S> id. Then 
(7.2.2) lMS LT (g)) = 5+l LT (g) = -Y,°n 5+X i = Omod (} 1,P Jb> +pIb>®b>) 

i,l 

because all on = Omod X 1 ^ and S + Xi e J B , cf. Proposition 3.2.3. On the other 
hand by Lemma 6.2.4 

S hT (g) = ^MDiXi)} + Y^[Sjjr(oiiXi)] = 0mod(J B +pI B(g)B ). 

i i,l 
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Now notice that J B + pIs®B c ^b®b^ ^ lt Educes a one-to-one transformtion of 
J #®i5> * 1/p Jb>+pIb>®b> C Ijjg s , Ilt(\ 1/p Jb>) = \ 1/p Jb> and Ilt(pIb>®b') = 
plB'®B'- Therefore, (7.2.2) implies that Sur(g) G V^Jb' + pIb'®b'- 
The proposition is proved. □ 

7.3. By results of n.5, G = Spec A where the structure of the 0-bialgebra A is 
uniquely recovered from the following conditions 

(7.3.1) A = B[6], \p](\e) = \p](F) e X P I B , <5 LT (A0) = Sjjr(f') e XIb®b- 
Let A' = A ® O'. Introduce Y, Z e Ia> such that 



(7.3.2) [X 1 /PZ] = [Xe}-Y^[oiiX i ], XY = X 1 /PZ + J2°n X i- 

i,l i,l 

(The existence of Y and Z follows from the congruences on = Omod(A 1 / p ) and 
J2i,i[ouXi] = oaXi mod XI B >.) 

Proposition 7.3.3. 

P 

a) S + Z G Ia>®a>(p) p + jYj^lA>®A'; 

b) --Z p = Ymodll A >. 

P X 

Proof. By 7.2.1 and 7.3.1 6 hT (\ 1/p Z) = 8ur(g) e X 1/p I B '®B' (p) p +pI B >®B> • There- 
fore, the part a) will be implied by the following congruence 

[X 1/p Z ® 1] + [1 <g> X 1/p Z] = [X 1/p (Z ® 1 + 1 <g) Z)\ mod \ 1/p I A >®A> (p) P - 
By 4.5.1) this will follow from the congruences 

<P n (~X 1/p Z 01,1® X x ' p Z) = X p "~ l <t> n {Z <g> 1, 1 (8) Z) = mod A 1 / p J A '®A'(p) p , 

where n ^ 1. Because all n are homogenious polynomials of degree p n it will be 
enough to prove that for all 1 < r < p, X 1 ~ 1 ^ p Z r ®Z v ~ r e Ia'®a>(p) p - First, notice 
that the congruence 

\p]{g) = \P](~X 1/P Z) = [XZP] + IpX^Z] modp 2 I A 

implies by (7.2.1) that XZP e p~X 1/p I A ', or equivalently, ~\ 1 /p~ 1 /p 2 Z e I A >(p)- There- 
fore, 

\ 1 - 1 /PZ r (g) Z p ~ r e Ia'®A'(p) p 

and the part a) is proved. 

Now we can apply 7.2.1 a) to obtain that 

-p^ouXi = \p](g) = XZ p +p~X 1 / p Zmodp 2 I A ' 

i,l 
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and dividing it by pX we obtain the part b) of our proposition. □ 

7.4. Remind that SpecS = Go{N), where M G MF| is given in the notation 
from n.3.2. Let S' = S[t'], where t' p = t and let W = M ® s S'. Then W G 
MF e g, and we can extend the identification kso '■ S modt ep — > Omodp to the 
identification k s >o> ■ S'/t ep S' — ► O'/pO'. 

For all i and /, let an G S' be such that Ks'0'( a u modt ep ) = A -1 / p o^ modp. 

Then in notation from 1.3 and 3.2 we have the following 

Lemma 7.4.1. ^ x aurii G Z S {M'). 

Proof. It will be sufficient to prove that for all i and /, t e s~ l otu = mod Sj. Via the 
identification ks'O' these conditions can be rewritten in the form 
7T e \~ 1 ou = 0mod7y^ p or, equivalently, 

(7.4.2) o u vl /P = OmodA. 

(Use that Kso($i modt ep ) = fjl^modp and K5o(smodt ep ) = A 1_1 / p modp.) 
These conditions can be verified as follows. By 7.2.1 it holds 

(7-4.3) [p](f ) = [p](g) + J2\pl(°uXi) = Y>l XP i\ ^dp 2 I B . 

i,l i,l 

Therefore, the relation [p] (/') G X p Ib implies that 

i,l i,l 

(Use that all o v iX = OmodA and the formulae 4.5.3). Finally, the explicit description 
of the structure of the O-algebra B from n.3.2 implies that for all i and /, o p u rii = 
mod(A p ) and congruences (7.4.2) are proved. 
The lemma is proved. □ 

Suppose M' = (M'°, M a ,ipi) G Ext MF «p(jV', Ms ®s 5") is given by the cocycle 
J2i,i a u n i fr° m above Lemma 7.4.1. Remind that M'° = (N° ® s 5") © mS' and 
M' 1 = (N 1 (g>5 5") + m l S' , where m 1 = sm + J2i i a u n i an d ( ^i(^ 1 ) = m- 

Clearly, the correspondences m 1 i— > Z mod I^, p and m h- > Fmod/^, p , where Y" 
and Z were introduced in 7.3.2, define a unique JF G Homyvj^ (-M', such that 

J-\fifi coincides with the canonical morphism lb 1 '■ N 1 — > L (B'). 

Consider A[ G A(M') such that A[ = fl'[Yi] = B'[Yi, Zi], where 

i,l 

Then G[ = SpecA[ = Go>{M') G Gr /. 

By Proposition 2.4.1, JF gives rise to a unique O'-algebra morphism F : A[ — > A' 
such that i a 1 ° t(-P 1 ) = J~ '■ 
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Proposition 7.4.4. F is an isomorphism of coalgebras. 
Proof. Let A' and A[ be the comultiplications on A' and A[ . Prove that 

Fo A' = A[ o (F®F). 

It will be sufficient to prove that the elements i^i o l(F o A') and i^i o i(A[ o 
(F o F) of Homxjr s , (M', l(A' <g> A')) coincide. Clearly, their restrictions to W 
coincide because F\b> = id. It remains to note that the both maps send m 1 to 
(Z <g> 1 + 1 <g> Z) mod I%,% A ,. This follows from 5+Z 1 G I%Fq A , (by the definition of 
the comultiplication on A' x ) and 5 + Z G -fj^^/ by proposition 7.3.3. 

It remains to prove that F is an isomorphism of O'-algebras. 

Consider the induced homomorphism of geometric points 

F* : G'(K) — ► G[(K). 

Then F* induces the identity map on the common quotient H'(K) and we have 
the following two cases: 

a) F* is a group isomorphism; 

b) G[(K) = Ga(K) x ImF*. 

In the case a), F <S>o' K' : A\ <S>o' K' — > A' <S>o' K' is an isomoprhism of 
.ftT'-algebras and, therefore, F is an embedding of A[ into A'. This embedding is 
the identity map on the common subalgebra B' . Therefore, F{A' 1 ) = A' because 
the differentes V(A'/B') and V(A' 1 /B') coincide. So, F is an isomorphism of O'- 
algebras. 

In the case b), F(A[) is an O'-subalgebra in A'. It contains B' and rk^/ F(A' 1 ) = 
rko' B' . Therefore, F(A[) = B' because the quotient A'/B' has no O'-tosion. In 
particular, the elements Y and Z from 7.3.2 belong to Ib> +I A / P . This implies that 

(7.4.5) XO e \ 1/p I B > + X 1/p Ia' P , 

where 9 E A was introduced in 7.3.1. 

Suppose g e G^(O), g ^ 0. Then 9(g) = \v, where v G O*, and 7.4.3 implies 
that 

it* = XX E ~X 1/p lg, P C lg, P = (ttV), 

where 7r* G O is such that 7r* p_1 = —p. The contradiction. 
The proposition is completely proved. □ 

7.5. It remains to prove that there is an M. G MF^ such that M. ®s S' = M.' ■ 
By Proposition 1.3.5 it will be sufficient to prove that for all z, (J2 t an) G 
S'modsi, or equivalently, for all i and 1 ^ I < p, an = Omodsi. Applying the 
identification ks'O' we can replace these conditions by the following equivalent 
ones 

(7.5.1) o^ = mod A^, 

where as earlier, 1 $C i ^ u and 1 ^ I < p. 

Remind that we started with / G m(/g) such that \p](f) G X p Ib and for 
f such that [/'] = [/] + [/ii], where [h x ] = [f ] + [h] cf. 7.1.3, we have \p}(f) = 
J2i litfiXf] modp 2 lB- Now notice that hi G XIb and, therefore, h\ G X p Ib modpA7r 
This implies that 

(7.5.2) YMi X fl E Ib ° ™ d P~ XI B- 

i,l 
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Lemma 7.5.3. For any i and I, o p L = n Xu^ modpA7r, where all G Oo- 

Proof. For all i and /, on = tc' 1 uu with uu G O. Then o p u = k 1 u p u G AO implies that 
all u p t G AO and , therefore, u p a = Xu^ modpA, where all u% G Oo- 
The lemma is proved. □ 

As earlier, for all i, Xf = riif® m.odpnI B , where all /P G 7b . Notice also that 
equations for X^ from n.3.2 imply that the residues of f® mod7r, . . . , f® mod7r are 
linearly independent modulo 7t/b. Now we can rewrite condition (7.5.2) in the 
following form 

(7.5.4) 5>'«ibi/°] e ^° modpA/ B . 

Clearly, the terms with / = already belong to Ib modpXIs- Therefore, we can 
assume that in above relation (7.5.4) the index / varies from 1 to p — 1. 

Suppose the ideal in O, which is generated by all n u^rji, where 1 ^ I < p and 
1 ^ i ^ u, equals n c O. Therefore, c G N and c ^ Omodp. Then the left-hand sum 
in (7.5.4) belongs to tx c Ib \ k~ c+1 Ib- For this reason, it belongs to I go modpXlB if 
and only if tv c = OmodpA. In other words, all o^rji = OmodpA if I ^ 0. This gives 
conditions (7.5.2) because rjifji = —p. 

So, the existence of M is proved and this implies that G = Qo{M)- 

8. Applications. 

In this section we prove 

1) that under the same choice of the uniformising element 7To G Oo, our antiequiv- 
alence essentially coincides with Breuil's ant iequi valence restricted to the category 
of group schemes killed by p; 

2) a criterion for a finite F p [r^: ]-module to be isomorphic to Gq(K), where 
G G Gr 0o ; 

3) establish via the Fontaine- Wintenberger field-of-norms functor a relation be- 
tween the Galois modules coming from Faltings's strict modules and the Galois 
modules of the form Go(K)\r Kao , where Oo G Gro and 

ifoo = K({7T n | n > 0, tv p + 1 = 7T n }); 

4) that a natural duality in the category MF e s is transformed to the Cartier 
duality in Gro via the functor Qq . 

8.1. Relation to Breuil's antiequivalence. Denote by Br^ : MF e s — > Gro the 
restriction of Breuil's antiequivalence from [Brl] to our categories. Notice that by 
[Br2, Theorem 3.1.1] Breuil's category of filtered modules over a suitable divided 
powers envelope of S can be replaced by MFg. Let Bro : MF e s — > Gro be 
the extension of scalars of Breuil's functor, i.e. for any M. G MF^, Bro(-M) = 
Br° {M)®o O. 

For any O G lmQ (= ImBr ) introduce M(G), M B r(G) G MF e s such that 
Go(-M(G)) = G and Bro(-MBr(G)) = O. Clearly, M and M^t can be considered 
as contravariant functors from Im^o to MF^. 

The essential coincidence of Br^ and Qq will be proved in the following form. 
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Theorem A. For all G G lm.Qo there are isomorphisms 



f(G) e Rom MF% (M B r(G),M(G)), 
which are functorial in G, in other words for all IT G HomQ ro (G, G'), it holds 

M Br (n) o f(G) = f(G') o M(n). 

Proof. Suppose H G ImQo- Then its O-algebra A(H) can be presented in the 
form 0[Xi, . . . , X u ]/(fi, . . . , f u ) where the generators /j, 1 ^ i ^ u, of the ideal 
(/i> • • • ) At) are the left hand sides of equations from the beginning of n.3.2. This 
O-algebra is syntomic and following [Brl, Lemma 2.3.2] introduce for all n ^ 0, 

A(H) n = 0[n p ~\xf\ xCWu -..,/«) 

and A(if) 00 = U n ^o^.(-f^)n- For any flat O-algebra B consider the ideal B(p) = 
{b G B | b p G pB} in £? and introduce 

0(B) = (B/B(p) p ,B(p)/B(p) p ,ip 1 ) G MF S , 

where ip\ is induced for all b G -B(p), by the correspondences b h- > —b p /p and 
the corresponding S'-module structure comes from the identification Kgo- The 
following proposition is just an adjustment of Lemmas 3.1.6 and 3.1.7 from [Brl] 
to our situation. 

Proposition 8.1.1. There is a functorial inG, H G Im^o identification of abelian 
groups G(A(H) 00 ) = Hom -ai g (A(G), A( J ff) 00 ) = Hom^ s (A^ Br (0), 0(A(^) oo )).D 

Proposition 8.1.2. Suppose G,H G Im^o anc ^ G MF^. T/ien £/ie natural 
embedding A(H) C A(if)oo induces the following functorial in O, H and M. iden- 
tifications 

a) Kom MTs (M,e(A(H)) = Hom M ^ s (M, 0(^(#)oo)); 

b) Kom - a i g (A(G),A(H))=Romo-ai g (A(G),A(H) 00 ). 

Proof. By Lemma 2.4.1 it will be enough to prove a). Then we can use the descrip- 
tion of A(H) from n.3.1. Any element a' G A(H) 00 mod A(H) 00 (p) p appears as a k- 
linear combination of monomials Pg_ = n a °Xi 1 . . .X^ u , where all on G N[l/p] U{0} 
and if the monomial P& appears with a non-zero coefficient then Pg_ G A(H)(p), 
cf. n.3.3. This implies that (pi(a') mod A(H) 00 (p) p is a /c-linear combination of 
<Pi(Pa) for such monomials Pa- Notice that if for n ^ 1, P& G A(H) n then 
<fi(Pa) £ A(H) n -i. Now the proof can be finished by applying these arguments to 
the images of elements of M 1 , where M = (M°, M 1 , </?i). □ 

So, we have a functorial in G, H E Im £o identification 

Homo_ aZff (A(G), A(H)) = Hom M ^ s (A4 B r(<?), 

and, therefore, the induced functorial identification of abelian groups 

Rom -Hai 9 (A(G),A(H)) = Rom M F % (M B r(G),M(H)). 

Take H = G and denote by f(G) the morphism from Hohimf§ (-M-Bt, .M(.ff')) 
which corresponds under this identification to the identity morphism id^( G ). 
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Clearly, f(G) is functorial in G. At the same time, f(G) is an isomorphism 
in MFg. Otherwise, there is a proper subgroup scheme G\ C G such that the 
composition of f(G) with the natural projection A(G) — > A(Gi) is zero, but the 
corresponding composition of idA(G) and the natural projection A(G) — > A(G±) 
is not equal to the counit morphism A(G) — ► O. 

Theorem A is completely proved. □ 

8.2. Galois modules Gq(K) and G(K) with Go G Gro and G G ImQo- 

Suppose V is a finite abelian group killed by p and provided with a continuous 
action of IV- Introduce T(V) = (T(V)°, T(F) 1 , cpi) G MT s such that T(V)° = 
Rom r K (V,0/pO), TiV) 1 = Hom FK (V, (n e O)/pO) and y x is induced by the map 
a I— > —a p /p, a G n e O. As earlier, the corresponding S-module structures appear 
via the identification kso '■ S/t ep S — ► O/pO. 

Let A(V) = Map rK (V, O) G Aug with the augmentation ideal Iacv) = 
{a G A(V) | a(0) = 0}. Notice that if A(V) K := A(V) ®o ^ = Map rx (F,i?) 
then SpecA(V);f has a natural structure of a finite group scheme over K and F is 
the IV-module of its AT-points. 

Introduce the functor t^ p ' : Aug — > M-Fs such that for A G Aug , /,( p )(A) = 
(Ia/Ia(p) p , t a(p)/ t a(p) p , <fi), where as usually we use the identification kso to 
provide Ia/Ia(p) p with an S'-module structure (notice that Ia(p) p 3 P t a) and 
is induced by the correspondence a i— > —a p /p, a G Notice that the 

embedding Ia(p) p C induces a strict epimorphism ^ p : — > i I)P (A) 
in the category Al^s. Suppose M = (M°, M 1 , ipi) G MFg and A G „4(A1). By 
Proposition 2.3.2, 9® P '■ -M — > i DP (A) is </?i-nilpotent. Then there is a unique 
morphism 9^ G Rom M ^ s (M, iW(A)) such that 9 { % ] o i® p = 9% p and 9^ is 
</?i-nilpotent. 

Let G = Qo{M) = Spec A. Suppose 

a : V — G(JT) G Hom Fp[rK] (y,G(K)). 

Consider the morphism of augmented O-algebras a* : A — ► -A(V) given by 
the correspondence a h- > {a(ct(v)) \ v G V}. Then we obtain the morphism 
a A := L^(a*) : i {p \A) — ► i {p \A{V)) in the category MT S - Let 7^) = i^oa A : 
A< — ► ^(A(V)). Then 7<p)(M°) is contained in 

{a G I A {v) ™<\pI A (v) I a(u + u') = a(v) + a(v') modp0,Vu, v' e V} C T°(V) 

and 7^)(M 1 ) is contained in T l (V) = n e T°(V). Therefore, 7^ induces a mor- 
phism 7 : M. — > T(V) in the category MPs, and the correspondence a 1— > 7 gives 
a map 

B : Hom Fp[rx] (y,G(K)) — Honijr Ms (A4 , T( V) ) . 

Proposition 8.2.1. Suppose \V\ = \G(K)\. Then B induces a bijective map from 
the subset of isomorphisms in Hom Fp [r x ] (V, G(K)) to the subset of <pi-nilpotent 
morphisms in Hom_A4^- s (A / i, T(V)). 

Proof. Suppose a : V — > G(K) is an isomorphism of FpplVj-modules. Prove that 
7 = B(a) is i^i-nilpotent. 

(p) (p) 

Because 7 factors through 9 j[ and 9 j[ is </?i-nilpotent it will be sufficient to prove 

that a a induces a y?i-nilpotent morphism on 9^\m.) = (A , N 1 , <pi) C l^ p \A). 
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• Prove that T := Ker <xa\q(p)( M ^ C AT 1 . 
Suppose n G \ A^ 1 and q;a(^o) = 0. 

Take mo G M° such that 6% (mo) = no; clearly, n ^ A^ 1 implies that mo ^ M 1 . 

Because .M G MFg, we can choose for alH ^ 1, Sj G S, m\ G M° \ tM 1 and 
G M° \ tM° such that m\ = Siirii-i and m^ = (p\{m\). Set = sm^-i and 
nj = </?i(nJ); clearly, all rii and belong to Kerct^. 

Notice that all n\ £ tN 1 . (Otherwise, there is m' G M 1 such that m\ — tm' G 
Ker6^\ but Ker 6^ C tM 1 because 8^ is </?i -nilpotent, cf. 1.2.3, and, therefore, 
m' i G tM 1 .) In particular, all n\ and are not equal to zero. 

Let fo G I a be such that fo mod Ia(p) p = m> For z ^ 1, choose Oi G O such that 
Kso( s i modt ep ) = Oimodp, and then by induction on i choose fi G I a, fl G Ia(p) 
such that f 1 = Oifi-i and = — {fl-\) p /p- Then all /j ^ pi^ C Ia(p) p , because 
f jmod I a(p) p = n,i ^ 0. On the other hand, a^(no) = implies that fo G pA(V). 

Therefore, all /, G » Ci A(F), where ci = p l — (1 + p + h p* -1 ) — »■ +oo if z — > oo. 

This implies the existence of io G N such that fi G pi a and, therefore, ni = 0. 
The contradiction. 

• Prove that (pi\r is nilpotent. 

First, fi(T) C T because a a commutes with ipi. 

Now suppose n G T. Then there is fo G lA(p)npA(y) such that fo mod I a(p) p = 
no. Define by induction on i ^ 1, n, 6 T and fi G Ia(p) such that rii = <^i(nj_i) 
and /j = —f p _ 1 /p. (Notice that rii E T because <pi(T) C T, and fi G -Ta(p) be- 
cause fi mod/^(p) p = rii.) As earlier, f G pA(I/) implies that fi G p Ci A("l/) where 
Ci — > +oo if z — > oo. Therefore, there is an io G N such that fi G pi a and ni = 0. 
So, 7 = £>(«) is ip i -nilpotent. 

Now suppose there is a </?i-nilpotent morphism 7 : M. — > T(V) in the category 
MT S . 

Let A(V) = Map(V, O) G Aug with 7 A(V) = {a G A(V) | a(0) = 0}. Then the 
natural embedding of T(V) into z, (p) (A(F)) = (/^(vo/p^v)) 7I_e ^(\/)/P^(v) 5 <fi) 
allows us to consider 7 as a </?i-nilpotent morphism from Homyv(jF s (M, 1^ (A(V))) . 
If A G A(M) then by Proposition 2.4.1 there is a unique morphism of augmented 
O-algebras T : A ®o O — > -A(V), which corresponds to the composition 7 DP of 7 
and : t (p)(A(V)) — > 6 PP (A(y)). 

Then: 

a) because T(V) is r^-invariant in t^(-A(V)), T = T ®o O, where JF G 
Hom Augo (A^(y)); 

b) because T°(V) C Hom(V, O mod p), Tk = T ®o AT is a morphism of K- 
coalgebras A ®o K — > Map(V, K). 

The above properties a) and b) imply that Tk = T <S>o K is a morphism of 
AT-bialgebras A K = A® K — ► A(V) ®o K = Map r/f (V, K). 

Let B := T(A) C A(V) with the induced structure of augmented O-algebra. 
Then B is a flat O-algebra and, if A v : A(V) — > A(V x V) D A(V) ®o ^(V) 
is induced by the addition V x V — > V, then Ay(B) C -B Cg>o -B. This implies 
that i7 = SpecS has the induced structure of an object of the category Gro and 
SpecJF : H — ► G is a closed embedding in Gro. Therefore, there is an M G MF^ 
such that Go{N) = H and a strictly epimorphic / G HomMF|(-^ 5 A/") such that 
O (/) = SpecJ 17 . From the definition of / it is clear that 7 PP : M — ► i DP (A(V)) 
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factors through / and the corresponding morphism M — > i DP (A{V)) is still ip\- 
nilpotent. Therefore, / is an isomorphism in MFg and Tk is an isomorphism of 
the X-bialgebra Ak and a K-sub-bialgebra of Map rjf (V, K). 

It remains to notice that rk^ Ak = p rks M = p rkv p v = rk^- A(V)k implies that 
Tk(Ak) = A{V)k- So, G(K) ~ V as Fpfr^j-modules. Clearly, if Tk is induced 
by the F p [r^:]-isomorphism a : V — > G(K) then 13(a) = A. 

Proposition 8.2 is completely proved. □ 

We can reformulate it as the following criterion (use results of section 4 for part 
b)). 

Theorem B. a) A finite ¥ p [Tk] -module V is isomorphic to G(K), where G G 
Ym(Qo), if and only there is an M. = (M°, M 1 , </?i) G MF e s such that diniF p V = 
rks(M°), and a tp\-nilpotent morphism from M. to T(V) in the category M.T s- 

b) A finite F p [r^- ] -module V$ is isomorphic to Gq{K), where G$ G Gro , if 
and only ifV\r K appears in the form G(K) with G G Im^o and the ramification 
subgroup I Kq with e* = ep/(p — 1) act trivially on V .D 

Remark. 1) Clearly, in part a) of the above Theorem, G = Qo{M); 

2) proposition 8.2.1 is also interesting if Kq is big enough, e.g. all points of 
G G Gro are defined over Kq- in particular, it allows to retrieve the main results 
of the paper [Abl] 

8.3. Group schemes from Gro and Faltings's strict modules. 

Remind that (cf. basic notation) S = k[[t]] and >So = fc[[to]] with to = t p . 

8.3.1. Characteristic p analogues of Go and Qq q . 

Suppose Soo = ^p[ T oo] where Too ^ Sq. Then the completion Sqq is a closed 
subring in So with the residue field F p and a uniformising element Too- Consider 
the categories Gr(5 , o)s an ^ Gr(5 , o)s of finite flat commutative group schemes 
over £0 and, resp., S, which are provided with strict action of Sqo and are killed 
by the corresponding action of Too- The general concept of such strict modules was 
introduced in [Fa] and was studied in details in [Ab4]. 

As earlier, suppose /C = FracS'o, /C = Frac>S and /C o = FracSoo- Then the 
ramification index of /C over /C o is e. The objects of the category Gr(5 , o)5 (it 
was denoted by DGr' 1 *(5'oo)s in [Ab4]) can be described via the ant iequi valence 
G§ : MF^ — > Gt(S 00 )s as follows (cf. [Ab, 4.5.3], where MF| was denoted by 
BRi(S'oo)so)- 

Suppose M = (M°, M 1 , <px) G MF^ is given via an S'-basis m 1 = (m{, . . . , w} u ) 
of M 1 , an S'-basis m = (mi, . . . , m u ) of M° and U G M U (S), such that (pi(rh 1 ) = rh : 
rh 1 = mil and U divides the scalar matrix (t e 5ij) G M U (S). Then we can define 
the functor Q s from MF^ to Gr(5 , o)5- By definition, Qs(M) = Spec A = H, where 
A = S[X], X = (X U ...,X U ) and 

x^ + T 00 u {prl x = 0. 

Notice that these equations come from the relation (XUp p > + tqqX = 0, which is a 
complete analogue of the corresponding relation from 2.2. The coalgera structure 
on A is given via the counit e : A — >■ S such that e(X) = and the comultiplication 
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A : A — > A® S A such that A(X) = X <g>l + l<g>X . Finally, the action [r] : A — > A 
of any r G Soo is uniquely determined by the following conditions [too] (a) = and 
[a] (a) = ota if a G I a '■= Kere and a G F p . It remains to notice that 7i appears 
already as extension of scalars of So-scheme Ho, so in this case the problem of 
descent to So has a trivial solution and the functor Qs induces the required functor 

si- 

Notice that A ®s fC is an etale /C-algebra and it makes sense to introduce the 
T/c = Aut/clX) -module H{K) of £ points of H. 

We can see now that the functor Qs, resp. Q§ Q , is just a simplified characteristic 
p version of the functor Qo, resp. Qq q . Nevertheless, the functors Qs and Q§ are 
not still very far from the functors Qo and Qq . In Theorem C below we prove 
that for any M G MF|, the Galois modules Q§ (M)(iC) and Q% (M)(K) can be 
identified via the Fontaine- Wintenberger construction of the field-of-norms functor 
and even more, they can be uniquely recovered one from another. 

Suppose S is the valuation ring of JC. Let V be a finite F p [r^] -module and 
T(V) = (T(V)°, T(V) 1 , <fi) G MF S , where T(V)° = Hom 1 ^ (V, S/r 00 S), T(V) 1 = 
{a G T(V)° | aP = 0} and Vl : T(V) 1 — ► T(V)° is induced by the map s i-> 
—s p /t~oo, where s G t e S. 

The following property can be obtained in the same way as above Theorem B. 

Theorem B'. With the above notation suppose M G MF^, H = Qs{M) and 
\V\ = \Tl()C)\. Then V ~ Ti()C) as ¥ p \T ^[-modules if and only if there is a tp\- 
nilpotent morphism in Hom_A4jF s {M., T(V)) . □ 

8.3.2. Galois modules Gq(K) and the field-of-norms functor. 

Consider Fontaine's ring R = |im (O IpO) , where for n ^ 1, the connecting 
morphisms (0/pO) n +i — > (0/pO) n are induced by the p-th power map on O. 
Let Rq = FracR be the fraction field of R. Then Ro is a complete algebraicly 
closed valuation field of characteristic p, the embedding of k into O/pO induces a 
canionical embedding of k into Rq. We extend it to the closed embedding of S into 
R by identifying the uniformising element t of S with (7r n modp) n ^i G R such that 
TV i = 7T and for all n ^ 2, n n G O are such that 7r^ = 7r n _i. Therefore, /C = FracS is 
identified with a closed subfield in Rq and by the Fontaine- Wintenberger theory of 
the field-of-norms functor, R coincides with the completion of the algebraic closure 
of K, in Rq. Notice also that /C is an inseparable extension of /C = Frac S of degree 
p. 

On the other hand, the absolute Galois group Tk = Gal(K / K) acts on Rq and 
this allows to identify its subgroup = Gal(K /K^) with the absolute Galois 

group r^; = Aut)c(K) of K. Here Koo = Li n ^oK n and K n = K(n n ) for all n ^ 0. 

Now notice that: 

a) the above embedding S C R induces an embedding S C R (where S is the 
valuation ring of the algebraic closure K of /C in Rq) and the identification 

k § o ■ S/t ep S — > R/t ep R = O/pO 

(use the projection of R to (0/pO)i), which extends our original identification Kso'i 

b) with respect to the above identification = the identification Kgo ^ s 
compatible with the action of r^; 
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c) suppose F(T) G W(fc)[T] is the minimal monic polynomial for tt G K over 
K 00 = FracW(k). Then F(T) = T e + p(6 1 T e " 1 + • • • + 6 e _iT + b e ), where all 
bi G W(k) and b e G W^fc)*. Let 

too = —to(pe + be-ito H h M^ -1 ) -1 G So, 

where all 6j := bi mo dp G fc. Then /Coo = Mboo]] is a closed subfield in /C and /Co 
is a totally ramified extension of /Coo of degree e; 

d) suppose s G <S and o G O are such that Kg^s modt ep ) = omodp; then 
s G t e S implies that o G iv e O and 

>%o ((-^/roo) modt ep ) = (-o p /p) modp. 

Indeed, it will be sufficient to verify this formula for sq = t e and oq = 7r e ; then 
-t pe /T 00 = b e + be-tto + ■■■ + Mo" 1 and 

K So(- tPe / r oomodt pe ) = (b e + b e -iK H h bin^ 1 ) modp = (-n ep /p) modp. 

Theorem C. Suppose M G MF^, H = G% {M) and H = G§ (M) G Gt(S 00 )s - 
Then 

a) with respect to the field- of -norms identification r^ = C ^k , the Tjc q - 
modules Hq(K)\t Koo and Ho(IC) are isomorphic; 

b) the r K -module Vq = Hq(K) can be uniquely recovered from the T^ -module 
H {iC). 

Proof. Suppose V is a finite FpplVj-module and V = ^|r Xoo is the FpT^j-module 
with respect to our identification = • Then the embedding 

Hom rjf (V, O/pO) — ► Hom rK » (V, O/pO) 

together with the identification k$q induce the embedding u : T(V) — ► T(V) in 
the category MPs- 

Now notice that if V = H(K) then there is a </?i-nilpotent morphism 7 G 
Hom^ s (yW,T(y)). Therefore, for V = 70^, 6 Hom MTs (M, T(V)) 

is also </?i-nilpotent and, therefore, V ~ 7i(/C). This proves the part a), because 
r^ = = Aut£ (X). (/C is purely inseparable over /Co-) 

In order to prove b) let e* = ep/(p — 1) and notice that by Fontaine's estimates, 
the ramification subgroup acts trivially on Vb and by estimates from [Ab4], 

; acts trivially on Vo- 
Therefore, it will be sufficient to prove that the field-of-norms embedding r^ = 

Fk x C T^o induces group isomorphism T^/T^J ~ Fk /^x or ' equivalently, 
we have the following two properties: 

2) r Ko =r Co rg\ 

Now remind that the ramification theory attaches to any finite separable exten- 
sion of complete discrete valuation fields with perfect residue fields L D E, the 
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Herbrand function <Pl/e( x )i x ^ 0. One can extend the well-known definition of 
Herbrand's function for Galois extensions from [Se] by the use of the composition 
property ^Pl'/e( x ) = <Pl/e(<Pl' /l( x ))i where V contains L and is Galois over E. 
Alternatively, the Appendix to [De] contains a direct construction of the ramifica- 
tion theory for arbitrary (not necessarily Galois) separable finite extensions L/E 
by using i?-embeddings of L into a fixed algebraic closure E of E. Anyway, such 
Herbrand's function satisfies the following two propertis: 

• if Li D L D £ are finite separable field extensions then for all x ^ 0, 

VLi/lO^) = (PL/E^^/Lix)); 



• the ramification subgroup 1^ acts trivially on L if and only if v > v(L/E), 
where v(L/E) is the value of ifL/E at its last edge point. (By definition, (0,0) is 
always an edge point of Herbrand's function of any ramified extension.) 

Now notice that for any n ^ 0, 

_ J x, if x ^ e*p n 

¥>K n+1 /K n [X) - | + ^ _ e * p n)/ pj if x ^ e * p n 

Therefore, if 

VK^/Koix) = lim {^K n IK n _ x o • • • o ip Kl/Ko )(x) 



functor [Wi, Cor. 3.3.6], it holds r£ } = F Koo n r^?* 00 '* ^ = r Koo nf^. This 



then <^K oo /K ( e *) = e * an d by the corresponding property of the field-of-norms 

functor [Wi, Cor. 3.3.6] 
proves the property 1). 

Prove the property 2). Suppose L is the subfield of K fixed by T;c Q T^J = 

Tk^T^J . Then L is a finite extension of Kq in and v(L/Kq) < e*. If 
L 7^ Kq then there is an s ^ such that LK S = K s+ i (use that for all n ^ 0, 
[K n+1 :K n ] =p). 

Notice that for all n > 1, v(K n /K ) = e* + e(n — 1) (use that <PK n /K = 
^K n /K n _ 1 o ... o <fi Kl /K )- Therefore, s ^ (otherwise, Lif = L = Ki but 
v{L/K Q ) < v(Ki/K ) = e*). But if s > 1 then 

e* + es = v{K s+1 /K ) = max(^(L/K ), v{K s /K )) = e* + e(s - 1). 

The contradiction. So, L = K and the property 2) is proved. 
Theorem C is completely proved. □ 

8.3.3. Full faithfulness of the restriction from Tk to Tk x • 
The above methods can be applied to study a more general situation. 
Suppose Ck is a full subcategory of the category of finite p-torsion modules 
with continuous action of IV- Let MIV^ be the category of IV^ -modules. Then 
we have the functor JF : Ck — > MTk^ of restriction of the action of IV to the 

(n) 

action of Tk x C Tk • For n G N, let C K( * be the full subcategory in Ck consisting 
of modules killed by p n . 
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Theorem C. Suppose for any H G C Ko the ramification subgroups l^J act triv- 
ially on H . Then T is fully faithful. 

Proof. For tiGN, let T^ n) be the restriction of T to . Then we can proceed as 
in 8.3.2 to deduce from T Koo T^J = T Ko that JF^ 1 ) is fully faithful. Now notice that 
for any Hi,H 2 G Ck there is a short exact sequence — > Ker(pidH 2 ) — > #2 — ► 
Im(pid/f 2 ) — ► and we can use a devissage procedure (based on the standard 
6-terms Horn — Ext exact sequence) to deduce by induction that is also fully 
faithful. □ 

This theorem can be applied in the following cases: 

• if Ck is the category of Galois modules Gq(K) where Go is an arbitrary finite 
flat commutative p-group scheme over O we retrieve Breuil's result [Br3, Theorem 
3-4.3]; 

• if Kq is unramified over Q p then we can apply Theorem C to the category of 
all finite subquotients of crystalline Z p [rV ] -modules with Hodge- Tate weights of 
length < p because of the ramification estimates from [Ab5] (if the above length is 
< p — 2 we retrieve the main result of [Br3] where it is sufficient to use Fontaine's 
ramification estimates from [Fo5]). 

8.4. Cartier duality. In this subsection we prove that if Af G MF| and Af G MFJ 
is its dual (cf. the definition below) then Qq q (Af) and Qq (Af) are Cartier dual group 
schemes. Clearly, it will be sufficient to verify this over O, i.e. that G = Go(N) 
and G = Q Q (Af) are Cartier dual. We are going to prove this by constructing a 
non-degenrate bilinear pairing of group functors G x G — ► /U P; o, where as usually 
H Pj o is the constant multiplicative group scheme of order p over O. 

Let — p = ttqEq, where Eq C Oq. Let ujq G be such that ^50(^0 modt ep ) = 
eoniodp. Define the a-linear morphism cpi : t e S — > S by the relation Lpi(t e s) = 
Lo a(s), se S. Notice that ^(tV -1 ^)) = 1 and S = (S,t e S, (fx) G MF|. 

Suppose Af = (N°, N\ Vl ) G MF|. 

Definition. Let Af = (iV°, iV 1 , ipi) G MPs be such that 

a) N° = Rom s (N°,S); 

b) N 1 = {/ e N° I /(iV 1 ) C t e S}; 

c) for any / G iV 1 , <pi(f) G N° is such that for any n G A^ 1 , <pi(f)(<pi(n)) = 
<fi(f(n)) (cf. the above definition of <fii\s)- 

Remarks. 1) The condition c) determines cpi uniquely because (pi(N 1 )S = N°; 

2) one can verify easily that Af G MF|; 

3) In the above definition Afmodt ep does not depend on a choice of ujq; there- 
fore, for different choices of ujq, the corresponding objects Af = Af(uo) are related 
via unique isomorphisms in the category MF e s as different </?i-nilpotent lifts of 
Afmodt ep . 

Theorem D. With the above notation, H = Go (AT) is the Cartier dual to H = 
Go(Af). 

Proof. Suppose Af is given in notation similar to those from n.3.1. Then we have 

- the vector n = (n\, . . . , n u ) consisting of elements of an S'-basis of M°; 

55 



- for 1 $C i $C u, there are s[ E S such that all s[\t e and the vector n 1 = 
(n\, . . . , nl) = (s^ni, . . . , s' u n u ) consists of elements of an S-basis of iV 1 ; 

— there is a matrix U G GL U (S) such that (piin 1 ) = nil. 

Then one can verify that M = (N°, N 1 , ipi) can be described via the following 
data: 

- the vector h = (hi, . . . , h u ) consisting of elements of the S'-basis of N° which 
is dual to the basis ri\, . . . , n u of N°; 

- the vector n 1 = (h\, . . . , hi) := (s^hi, . . . , s' u h u ) consisting of elements of an 
S'-basis of N 1 , where for 1 ^ i < u, s • = t e a~ 1 (uJo)(s' i }~ 1 ; 

- the relation </?i(n 1 ) = hU, where U l = U~ x (here U* is the transposed to U 
matrix from GL U (S)). 

For 1 ^ % ^ u, let 77^,77^ G O be such that Kso(s'i modt ep ) = r/^modp and 
n S o(s'i modt ep ) = ??-modp. Set r?; = -p/hf and r); = -p/r}'f. 

Then A = = . . . , X u ] with the equations = rji • XjCji, where 

1 ^ % ^ u and C = (cji) G GL u (0) is such that Kso(U modt ep ) = Cmodp. 

Similarly, A = A(H) = 0[Xi, . . . , X u ] with the equations Xf = ^ . XjCji, where 
1 ^ z < -u and (7 = (c^) G GL u (0) is such that Kso(U mod t ep ) = (7 mod p. 

Lemma 8.4.1. Let ^ = E,^®^ 6 I a®a- Then 

Z? + pZ = 0mod(pI A „ A (pr + p 2 I A „ A ). 



Proof. Use that for all 1 < i ^ u, = —pmodp, Xi ® Xi G I A ^x(p) and 
CC* = Emodp, where E is the unit matrix of order u. □ 

Let S = (Sm, Sm,(pi) G MF| be such that (pi(m) = m. Then Qo(S) = /j, Pj o 
is the constant multiplicative group scheme of order p over O with the algebra 
A(n P>0 ) = 0[X],Xr+pX = 0. 

Now notice that the correspondence m ^ Z mod I A P A determines the morphism 

q G Hom7\4jF s (S, i DF '(A® A)). Therefore, by Lemma 2.4.1, q is induced by a unique 
morphism of O-algebras 

e* : A(» Pt0 ) — ® A(<5) 

Clearly, the definitions of the coalgebra structures on A(H) and from 
n.2.4, immediately imply that e* is co-bilinear. It remains to verify that e* gives a 
non-degenerate pairing of group functors. 

We can assume that K is so large that all -ftT-points of group schemes H, H and 
fx Pj o are defined over K. Then it will be sufficient to verify that if ho G H(0) is 
such that for any h G H(0), 



(8.4.2) e*(X)(h,h ) = e flptO (X) = 

then ho = 0. (Here e Mpj o : ^4(a*p,o — ► O is the counit map.) 
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For all z, denote by Xi G Hom(ft(0), O/pO) the images of 
Xi G A(H) C Map(ii(0), O) with respect to the natural maps 



Map(£T(0),0) — ► Map(if(0),0/pO) D Hom(if(0), O/pO) 

(use that 5 + A^ G iA®yi(p) p implies that Xi G Hom(ii(0), O/pO)). By the results 
of n.3.4, the generated by Xj, 1 ^ z ^ it, O-submodule ft (ft) in Hom(ft(0), O/pO) 
can be defined in an invariant way just in terms of the image of the corresponding 
S'-module iV in Ia/Ia(p) p - This module can't be too small, for tvq G O such that 
v p (tvq) = l/(p - 1), it holds 

(8.4.3 ) ft (if) D tt^ Hom(ft(0), O/pO). 

(Use the embedding of O-bialgebras A(H) D A{n P , )® u and that ft = 
7r*Hom(ft(0),0/pO).) 

Lemma 8.4.4. 

a) e*(X)EZmod(7^(p)"); 

b) e*(X) = Z + Z' mod(i j4(g) ^(p) 2p_1 ), where Z' G -^^(p) *s O-linear com- 
bination of the terms X i± . . . X ip £g> . . . X ip /or aZZ 1 ^ z'i, . . . , i p ^ u. 

Proof. The part a) follows from Lemma 8.4.1 and b) is obtained from a) and the 
relation -e*{X)*/p = e*(X). □ 

Now 8.4.2 and 8.4.4 a) imply that in Hom(ft(0), O/pO) it holds 

Y J X l (h G )X l = Q. 

i 

Then (8.4.3) implies^ that all Xi(h ) = Omod(p/n^). 

Ifp^b then v p (Xi(ho)) > (p — 2)/(p — 1) > l/(p— 1) and by Lemma 2.4.1 we can 
conclude that ho = 0. In order to finish the proof in general case, just use that for 
all z, Xi(ho) G 7TqO. This imples that, cf. Lemma 8.4.4 b), Z'(h, h ) G pn^O and, 
therefore, ^^(Ao)^ G pir^ Map(ft(0), 0). Therefore, in Hom(ft(0), O/pO) it 
holds 

J2(Xi(ho)/K*o)Xi = 0. 

i 

As earlier, this implies that all X^ho)/^ G ^o^' therefore, 
v p (Xi(ho)) > 2/(p - 1) > l/(p - 1) and h = 0. 
Theorem D is completely proved. □ 
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